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1. This is the first of the Noether series of mentoring sheets, named after Emmy Noether, a 
mathematician who made significant discoveries in a large range of mathematical areas and was 


described by Albert Einstein as the most important woman in the history of mathematics. 


What can you find out about her, and her areas of work? 


SOLUTION 


Emmy Noether was born in 1882 in Erlangen, Germany. She completed her PhD at the University of 
Erlangen and worked there until 1915. 


In 1915, Noether moved to the prestigious University of Göttingen. Here she proved Noether’s theorem, 
which is widely considered to be one of the most beautiful in mathematical physics. 


Noether’s theorem says that every symmetry of the laws of physics gives rise to a conserved quantity. For 
example, invariance under translations in space (the laws of physics are the same everywhere) gives rise 
to the conservation of momentum. The fact that the laws remain unchanged over time gives rise to the 
conservation of energy. 


Noether also made great strides in the field of abstract algebra. She is also credited with helping many 
other mathematicians make large scale progress. There are more than 15 different mathematical theorems 
and objects named after her 


Later in life, Noether was expelled from Germany by the Nazis. She moved to the United States, where 
she died in 1935. 


Throughout her life, Noether experienced massive discrimination on account of her gender. Many of her 
university positions were unpaid, as the universities refused to pay female mathematicians. 


There are lots more interesting things that you can find out about Emmy Noether and the areas 
that she studied. What else can you find? 


2. 17:36 29/05/84 is a pandigital time and date as it uses each of the digits 0 — 9 exactly once. 


What is the first pandigital time and date of each century? 


ANSWER 18:59 27/06/34 


SOLUTION 


We can label each of the digits as 
ab:cd ef /gh/ij. 


Since this is a valid time and date, we have the following restrictions. 
e ais 0, 1 or 2, as there are 24 hours in the day. 
e cis 0, 1, 2, 3, 4 or 5, as there are 60 minutes in an hour. 
e eis 0, 1, 2 or 3, as there are at most 31 days in a month. 
e gis Oor 1, as there are 12 months in the year. 


If g = 1, then A is either 0 or 2. This means a is the other, and hence the only remaining value for e is 3. 
Since there are only 31 days at most in any month, this means f would have to be 0 or 1, but these are 
already taken. 
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We can conclude that g = 0. 


If e = 3, then f = 1, as the most days in a month is 31, and 0 is already taken. This means a = 2, and then 
there no options remaining for b, with less than 24 in the hours position. 


Hence, a and e are | and 2 in some order. 


To get the first pandigital date of the century we need to minimise i. The smallest remaining digit is 3. We 
then need to minimise j, which takes the digit 4. 


The only remaining possibility for c is then 5. Also, since b > 5, we know that a = | to get a valid time. 
This gives 
1b:5d 2f/0g/34. 


In order, we then need to minimise g, f, b and d, which leads to 
18:59 27/06/34. 


Since this is a valid time and date, it is the first such date of the century. 


3. A quadratic equation is of the form ax? + bx + c = 0 for constants a, b and c with a + 0. We have 
b? > 4ac. 


Prove that the only solutions of this equation are 


—b+ Vb? — 4ac 


SOLUTION 


This result is known as the quadratic formula. You may have met it at school. 


To prove it, we need to reduce to a single x, which we can do by completing the square. 


Since a # 0, we can divide by a to get 


b 

xX +—x+—=0 
a a 

Completing the square gives 
2 2 
b b 
seo -—.+-=0 
2a 4 a 


Rearranging, we get 


2a 4a? 
Then, square rooting and rearranging gives that 
v= -b + Vb? — 4ac 


| We also need to check that we haven’t accidentally created any other solutions. | 
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To check these are actually roots, let r} = zbtyb—Aac a Then, 


p Fa + b? — 4ac F 2bVb? — 4ac 


a 4a? 
_ B= 2ac F bVE? — 4ac 
CEEE 
Also, 
a —b? + bVb? — 4ac 
E 
Therefore, 


b2 — 2ac F bV — 4ac P —b? + bVb2 — 4ac Pe 


2 
ar, + br +c 
* ~ 2a 2a 


—2ac 
2a 


Therefore these are indeed valid solutions. 


4. A triangle has sides of length 13cm, 14cm and 15cm. 


(a) Show that this triangle can be split into two right angled triangles with integer side lengths 
(when measured in centimetres). 


(b) A rectangle is drawn inside the triangle, with its base on one of the sides of the triangle. 


What is the largest possible area of this rectangle? 


ANSWER 


(b) 42cm? 
SOLUTION 
(a) 


To find such a split, we need to look for right angled triangles where all three sides are of 
length at most 15. 


The most obvious is the (3,4,5) triangle. We can also scale this up to (6,8,10) and 
(9, 12, 15). The last of these looks promising, as the 15 could match with the side of our 
current triangle of the same length. 


We’d then need to extend one of the short sides to match one of the sides of the original 
triangle, and check that the other side matches up, using Pythagoras theorem to calculate it. 


Side to extend | Length to extend to Final side 
9 12 V12? + 42 = V160 
9 14 V12? + 52 = V169 = 13 
12 13 V132 + 1? = V170 
12 14 V132 + 2? = V173 


The only possible case is that below: 
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(b) 


15 
12 13 


9 5 


Once we have this idea, we can construct the solution. 


Notice that 9? + 12? = 15? and 5? + 12? = 13%. Therefore, Pythagoras’ theorem tells us that both 
(9, 12, 15) and (5, 12, 13) are right angled triangles. We can then position these together such that the 
sides of length 12 align. 


9 5 


Then, as two right angles make a straight line, this is indeed a (13, 14, 15) triangle. It is 


Let us write c centimetres for the base length of the triangle, h centimetres for the height and x 
centimetres for the width of the rectangle. If the rectangle does not touch both other sides, then it 
could be made larger by stretching it to touch. 


Since the sides of the rectangle are parallel, the top triangle is similar to the large triangle. The base 
has been scaled by a so the height must be ha, 


Then, the rectangle has height h — ha, Then, the area of the rectangle is 
h 
x(n = =}. 
c 


Lore — x). 
c 


We can factorise this as 


We then want to find the x that maximises this. We can complete the square to give the area as 


Since squares are non-negative, this is minimised when x = 5, and then the area is ich. 
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Since the whole triangle has area ch, this maximum is half the area of the triangle. Notice that this 
doesn’t depend on which side we base the rectangle on! 


From the first part, we know that the triangle has area j x 12 x 14 = 84cm?, so the maximum size of 
the rectangle is 42cm?. 


5. (a) Aadya cycles down a hill at xm/s and up the same hill at ym/s. Barry then estimates her 
average speed by calculating >. 


Show that Barry’s estimation is always greater than or equal to Aadya’s true average speed. 


(b) One day, Aadya cycled down the hill at xm/s and up the hill at 3m/s. Both x and the difference 
between Barry’s estimation of Aadya’s speed and her true speed are integers. 


What are the possible values of x? 


ANSWER 


(b) 3m/s and 15m/s 
SOLUTION 


(a) Let us write d metres for the distance Aadya travels when cycling up or down the hill. Then, she takes 
d seconds to travel down the hill, and d seconds to travel up the hill. This means her total time to 


travel up and down the hill would be d + 3 and therefore the average speed would be 


We would like to show that this true speed is always smaller than Barry’s estimate. This 
means we’d like to prove that 


Clearing the denominators, we get 
1 1 
4< œ+») + z), 
x y 
Multiplying both sides by xy and expanding the brackets, we get 


4xy < (x+y) = x? +2xy ty 


and factorising gives 
0 < (x-yř. 


We know this is always true. This is not a proof as we’ve gone in the wrong direction. If 
we can reverse this argument though, we can produce a proof. So let us do that. 
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Since squares are non-negative, 
(x -y) >0. 


Expanding the brackets, 
a = 2xy +y > 0: 


Adding 4xy to both sides, 
x? +2xy + y* > 4xy. 


The left hand expression can be factorised, giving 
(x+y)? > 4xy. 


Since speeds are positive, x > 0 and y > 0. This means we can divide by xy, to give 
1 1 
(x+ JE + 2) > 4. 
x y 


We know 1 + i > 0, and therefore we can divide both sides by 2(1 + 1) to get 
x+y ? 2 
2 1 + 


This shows that Barry’s estimate is always greater than or equal to Aadya’s true average speed. 


(b) Let us use z for the difference in the average speeds in metres-per-second. Then, 


x+3 2 


a ors 
x 


z= T’ 
3 
If we multiply both sides by 2 and both numerator and denominator of the final term by 3x, we get 


12x 


2z=x+3- 
os x+3 


This tells us that x + 3 must be a factor of 12x. Since x + 3 is certainly a factor of 12(x + 3), itis a 
factor of the difference. This tells us that x + 3 is a factor of 36. 


As x > 0, we know that x + 3 > 3 and the possible factors of 36 that this could be are 4, 6, 9, 12, 18 
and 36. 


We know that 
_x+3 12x 
= ress 
This allows us to calculate the possible value of z for each value of x: 


x+3 x Z 
I 

4 [1/4 

6 3 | 0 

9 6 2 

12 | 9 | 3 

18 15 | 4 

25 

36 | 35 | 3 
1 


This gives the possible values of x as 3ms~! and 15ms~ 
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6. (a) Let AC and BD be chords of a circle, which intersect internally at P. 
B 
C 
A 
D 


(b) Suppose instead that the chords intersect outside the circle. 


Prove that |AP||CP| = |BP||DP|. 


P 
C 
A 
D 


Prove that |AP||CP| = |BP||DP| still. 
(c) Suppose that PB is a tangent to the circle at B. Let AC be a chord that passes through P. 


an 
P 
B 


Can you find a similar relationship connecting the lengths AP, BP and CP? 


SOLUTION 


(a) We can draw in the line segments AB and CD. 


— 


D 


Then, by angles in the same segment, we know that ZABD = ZACD and ZBAC = ZBDC. Also, as 
they are opposite angles BPA = ZCPD. 
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Then, as they have all three angles in common, triangles ABP and DPC are similar. This tells us that 


|BP| _ |CP] 
|AP| |DP|° 


Multiplying up, we get the required result: 


|BP||DP| = |API|CPI. 


(b) We can draw in the line segments AB and CD. 


D 


We can again use angles in the same segment to tell us that ZCAB = ZCDB, so ZPAB = ZPDC. 
Since they are the same angle, ZAPB = ZCPD. 


We know angles in a triangle add up to 180° in both triangles PAB and PDC. Then, 


ZPBA = 180° — ZBAP — ZAPB = 180° — PDC — ¿CPD = ZPCD. 


Therefore triangles PAB and PDC have all their angles in common, so are similar. This tells us that 


|BP| _ |CP] 
|AP| |DP|° 


Multiplying up, we get the required result: 


|BP||DP| = |API|CPI. 


(c) We can draw in the lines AB and BC. 


B 
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We know that 2BPC = ZAPB as they are the same angle. Since PB is tangent to the circle at B, we 
can apply the alternate segment theorem. This tells us that BAC = ZCBP. 


We know angles in a triangle add up to 180° in both triangles PAB and PBC. Then, 


ZPBA = 180° — ZBAPZAPB = 180° — ZPBC — ¿CPB = ZPCB. 


Therefore triangles PAB and PBC have all their angles in common, so are similar. This tells us that 


|BP| _ |CP] 
|AP| |BP|’ 
Multiplying up, we get: 
|BP|? = |AP||CPI. 


These three results, taken together, are known as the power of a point. This says that from 
any point, no matter which line through it you take that intersects the circle, the product of the 
distances are equal. 


You can think of this in the third case as the two points of intersection as being in the same 
place. 


. Consider the thirteen factorials 0!, 1!,2!,...,12!. We want to divide these up into three sets of size 
4 and one set of size 1. Moreover, we would like the product of the elements in each of the sets of 
size 4 to be a square number. 


In how many ways can this be achieved? 


n!, spoken as n factorial, is the product 1x2 x ...n. As a special case, 0! = 1. 


ANSWER 2 


SOLUTION 


A number is a square exactly when all the primes are raised to even powers in its prime factorisation. We 
require that the product of the factorials in each set of size four is a square. Therefore, the product of 
the twelve factorials in the sets of four is a square. Therefore the product of all 13 factorials is a square 
multiplied by a single factorial. This implies that it would be helpful to consider the prime factorisations 
of the factorials. 


The prime factorisations of the factorials can be found from their product form. We get the following table: 
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Factorial | Factorisation 
0! 
1! . 
2! a 
3! 2! x3! 
4! 23x3! 
5! 23x3!x5! 
6! 24x32 x5! 
7! 24x32 x5! x7! 
8! 27x32 x5! x7! 
9! 27 x 34x5! x7! 
10! 28 x 34 x 52 x 7! 
11! 28 x34 x52? x7! x11! 
12! 210 x 35 x 52x7! x11! 


Multiplying all of these together, we get 256 x 37° x 5!! x 76 x 11°. This means the singleton factorial 
must have only 5 raised to an odd power. 


The only factorials with 5 raised to an odd power are 5!, 6!, 7!, 8! and 9!. Of these, 7, 8 and 9 have 7 
raised to an odd power. 5! has 3 raised to an odd power, so the only possibility is 6!. 


We can rewrite the table to show which powers are odd or even. We will use 0 for even and 1 for odd: this 
is looking at the powers modulo 2. 


Factorial | Power of 2. Powerof3 Powerof5 Powerof7 Power of 11 
0! 0 0 0 0 0 
1! 0 0 0 0 0 
2! 1 0 0 0 0 
3! 1 1 0 0 0 
4! 1 1 0 0 0 
5! 1 1 1 0 0 
7! 0 0 1 1 0 
8! 1 0 1 1 0 
9! 1 0 1 1 0 
10! 0 0 0 1 0 
11! 0 0 0 1 1 
12! 0 1 0 1 1 


Now we need to try and group the other factorials together into sets of four that have square products. 11! 
and 12! are the only factorials to have an odd power of 11, so they must go in the same set. 11! x 12! has 
an odd power of 3, so we must have exactly one of 3!, 4! and 5! in the set also. 


With both 3! and 4!, the remaining factorial needs to have an odd power of 2 and nothing else, so must be 
2!. For 5! the remaining power needs to have an odd power of 2 and 5 and nothing else, but no remaining 
number satisfies this. This gives a set that is {2!,3! or 4!, 11!, 12!}. 


The remaining table is: 
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Factorial | Power of 2 Power of3 Powerof5 Power of 7 
0! 0 0 0 0 
1! 0 0 0 0 
3! or 4! 1 1 0 0 
5! 1 1 1 0 
7! 0 0 1 1 
8! 1 0 1 1 
9! 1 0 1 1 
10! 0 0 0 1 


Now, looking at the powers of 3, the remaining value out of 3! and 4! must go in the same set as 5!, since 
all others have an even power of 3. To cancel the odd power of 5, we must add one of 7!, 8! or 9!, each of 
which results in an extra power of 7 but not one of 5. The only number to cancel this is 10!. For the set to 
have an even power of 2, we need to have chosen 7!. 


Then, the other sets are {3! or 4!,5!, 7!, 10!} and {0!, 1!,8!, 9!} 
This gives two solutions: 
e {2!,3!, 11! 12!}, {41,51 7!, LO!}, {0!, 11, 8! 9!} and {6!}. 
e {2!,4!, 11! 12!}, {31,51 7!, 10!}, {0!, 11, 8! 9!} and {6!}. 


8. Find all sets of three consecutive positive integers such that each is either a prime or a power of a 
prime. 


It might help to work modulo 8, modulo 7 and modulo 16 at various points in your argument. 


ANswER (1, 2,3), (2, 3,4), (3, 4,5) and (7, 8, 9) 
SOLUTION 


Of any consecutive set of three numbers, at least one is even. An even prime or power of a prime must be 
a power of 2. Therefore either the middle number is a power of 2 or the outer two numbers are. 


Since powers of 2 differ by more than 2 once one is at least 8, the only way the outer numbers can be even 
is in the triple (2, 3,4). Otherwise, we can assume the middle number is a power of 2. 


Since we have three consecutive numbers, one of them must be a multiple of 3, and therefore a power of 3. 
This means our triple is of the form (3°, 2%, x) or (x, 24,3”). 


Working modulo 8, 3? = 1 for b even and 3° = 3 for b odd. Since 2“ = 0 (mod 8) for a > 3, the only 
possible triples are of the form (x, 2%, 3° ) with b even, or a < 3. 


For a < 3, we get the triples (1, 2, 3) and (3, 4,5), both of which are valid. 
Otherwise, we can rewrite the situation as having (x, 2%, 9°) with a > 3. 


Now, we can examine these possibilities modulo 7. 2“ takes the values 1, 2, 4 cyclically, as does 9°. Since 
2% = 9° — 1, the only possibility is that 2° = 1 (mod 7) and 9° = 2 (mod 7). But, as x = 2% — 1, we have 
that x is divisible by 7, and therefore must be a power of 7. 


This means our triple has the form (74, 29. 9°). 


Now we can work modulo 16. Powers of 7 modulo 16 alternate 1 and 7. If a > 4, 2° = 0 (mod 16), 
which can’t be 77 + 1. Therefore a < 4. 


But a > 3, and so the only remaining possibility is a = 3, which gives the triple (7, 8, 9). 
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Therefore, the only possibilities are (1, 2, 3), (2, 3, 4), (3,4, 5) and (7, 8, 9). 
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1. Let T and A be two circles that intersect in two places, P and Q. Suppose that ST is tangent to I at 
S and A at T. Prove that the extension of PQ bisects ST. 


T 


{ 


Hint: The ideas from question 6 on sheet I might be helpful. 


SOLUTION 


Let X be the point of intersection of PQ and ST. 


Then, the power of the point X in circle I tells us that SX? = XP - XQ. Likewise, we can use the power 
of the point X in A to tell us that XT? = XP - XQ. 


Combining these, SX? = XP - XQ = XT’, so SX = XT, and X is the midpoint of ST, as required. 


2. (a) Show that x3 + y? = (x + y)(x? — xy + y?) and that x? — y3 = (x — y)(x? + xy + y’). 


(b) Find the prime factorisation of 1343. 


(c) Find the prime factorisation of 7657. 


ANSWER 
(b) 17 x 79 
(c) 13x 19x31 


SOLUTION 


(a) Expanding the brackets, we get 
(x+y)(x? = xy +y?) ex -xytaxytxry-xy+yersty’. 
Likewise, 


(x y)(x? + xy +y?) =x a yay Sa yey ay? Sa Sy’, 


Alternatively, we could have noticed that the second identity is the same as the first, but 
with —y substituted for y. 


(b) 


© UK Mathematics Trust www.ukmt.org.uk 2 


UKMT Mentoring Scheme Solutions Emmy Noether, Sheet 2 


It’s not necessarily obvious how to make use of the previous part to solve this question, 
until you see that 343 = 7°. 


We can write 1343 = 1000 + 343 = 10° +77 = (10+ 7) (107 -10x7+ 7°), using the previous part. 
This tells us that 1343 = 17 x 79, which is the prime factorisation. 


(c) We can write 7657 = 8000 — 343 = 20° — 73 = (20 — 7)(20° + 20 x 7 + 7?) = 13 x 589. 


Then, we still need to factorise 589. There are lots of ways to do this - one nice one is 
to notice that 589 = 625 — 36 = 25? — 6”, and then use the difference of two squares 
factorisation. 


Factorising 589 as 19 x 31, we get 7657 = 13 x 19 x 31. 


3. (a) Show that the number of ways of choosing r objects from a set of n is 


n! 


. . n ee 
This is denoted 4 or ”C,, read as “n choose r”. 


a!, read as a factorial, is the product a(a — 1)(a—2)...1. 


(b) A frog is hopping along a line. Every minute, it hops either 10cm to the right or 10cm to the 
left. After 10 minutes, the frog is back in the same position as it started. In how many ways 
could this be achieved? 


(c) Acelebrity has 10 identical signed photographs to distribute amongst five fans. How many 
different ways are there of doing this (two ways are the same if each fan gets the same number 
of photographs)? 


ANSWER 
(b) 252 
(c) 1001 


SOLUTION 
(a) Lets suppose that we place our n objects in a line and then take the first r of them. 


There are n options for the first element in the line. There are then n — 1 options for the second element, 
n — 2 for the third and so on. This gives a total of n x (n — 1) x (n—2)x...X2x 1 = n! different lines. 


Each selection of r objects can be formed with any arrangement of the first r objects, and any 
arrangement of the last n — r. There are r! arrangements of the first r, and (n — r)! of the last (n — r), 
so r!(n — r)! overall. 


This means that there must be ea different selections of r objects from n. 


(b) For the frog to end up back in the same place that it started, it must have made five moves to the left 
and five to the right, in some order. How many ways are there of doing this? 


There are 10 moves, and we need to count the number of ways of choosing five of them to be to the 
left. From part (a), we know that there are !°C; ways of doing this. We can calculate: 


10C, = 10! 10x9x8x7x6_ 3x2x7x6 
5 51x5! 5 x4K3xX2xX1 1 
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Therefore there are 252 possible sets of moves that the frog could have taken. 


(c) Suppose the celebrity decides to give a photographs to the first fan, and then placed an insert after 
those a in the pile. They can then place inserts at the relevant places to distribute as they wish to the 
five fans. 


Any arrangement of photographs and inserts determines a number of photographs for each of the fans. 


With the four inserts as well, we have a pile of 14 items, from which we need to choose four inserts. 
There are !4C4 = Beall =7x13x1x 11 = 1001 ways of doing this. 


Therefore there are 1001 ways in which the celebrity can distribute the photographs. 


4. A triangle has side lengths a, b and c. In terms of these variables, what is the height of the triangle? 


Hence show that the area of the triangle is 


Vss -= a)(s -= b)(s - ©), 


where s = atbte is the semiperimeter of the triangle. 


ANSWER h= 2a?b2+2b2?c?+2c?a2-at-—bt-c4 
B 4c2 
SOLUTION 


Let us add in an altitude of the triangle, of height h. If the triangle has vertices A, B and C, let D be the 
base of the altitude from C. Write x for the length of AD. 


C 


a x D c-x B 


We can use Pythagoras theorem in triangle ADC to show that 
bax th’. (1) 
Likewise, we can apply Pythagoras theorem in triangle CDB to give 
a’ = (c= xf +h? =c? -2cx tx? +h’. (2) 
Then, we want to eliminate x from these equations. Subtracting equation (1) from equation (2h, we get 
ab an ex 
Rearranging the equation, we get 
B bD + e—a? 


an roa (3) 


Substituting equation (3) into equation (1), we get 


2 
Lb = oe + hi 
2c 
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This rearranges to give 


2 4b? — (bP +? - a’)? B 2a? b? +20? +2 — at — bt — ct 
7 4c? g 4c? l 


_ |2a?b? + 2b*c? + 2c2a* — at — bt — c4 
7 4c? i 


If we write A for the area of the triangle, then 


h 


Therefore, 


och 2a2b2 + 2b?c? + 2c?a? — at — bt — c4 


A 
2 16 


We can know expand the formula given to check that these are the same. Using the difference of squares 
factorisation, 


a+b+4+c\(b+c-a bebe-a 
2 2 7 4 


s(s~ a) =| 


and 2,2 a 
(s- byo— = (7G 9)( C9) -< + pent a 


Multiplying these together, 


s(s — a)(s — b)(s - ¢) (Bere re) (ewe 


4 4 
4b?c? — bt — ct — at — 2b’? + 2a*b? + 2a7c? 
16 
= Æ 
Therefore, we precisely have A = 4s(s —a)(s — b)(s — c). This result is known as Heron’s for- 


mula. 


It is worth noticing in the diagram that we assumed that the angles ZA and ZB were acute. If 
not, then one of the lengths x or c — x would be negative. Since we square them both anyway 
when used in Pythagoras’ theorem, the same argument still produces the same result. 


Alternatively, you could relabel the sides to make sure these angles are acute, since at most one 
of the angles of the triangle is obtuse. 


5. (a) Consider the following diagram, in which the circle has radius 1. You should assume for this 
question that you know nothing about the value of z. 


i. Using areas, show that m < 4. 
ii. Using perimeters, show that m > 3. 


(b) Show that 2 < V2 < 3. 


(c) Show that v2" <r., 


SOLUTION 
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(a) i. The circle is clearly smaller than the square. The circle has radius 1, so has area 1° = z. The 
square has side-length 2, as it touches the circle on all sides, so has area 2? = 4. As the square is 
larger, m < 4. 


ii. The diagram below divides the hexagon into six equilateral triangles. 


Since the circle has radius 1, each of the equilateral triangles has side length 1, so the hexagon 
has perimeter 6. The circle has circumference 2 x m x 1 = 27. 


As a straight line is the shortest distance between two points, notice that the sides of the hexagon 
must be shorter than the corresponding arcs of the circle between the vertices. This means the 
perimeter of the hexagon is less than that of the circle, so 6 < 27. Dividing by 2, m > 3. 


(b) 


This is a good example of where your initial thought process is backwards to the original 
proof, similar to question 5 on the first sheet. 


We know that 
196 < 200 < 225. 
Dividing by 100 gives 
49 


ag eae 


Then, square-rooting and taking the positive square roots so we maintain the ordering, 


7 3 
Tea. 
A 


(c) Firstly, notice that 37 = 2187 > 1024 = 2!°. Taking fifth roots, we can deduce that 35 > 22 =4, 


Then, applying the results from above, 


V2" < 2 =4<35 < rY., 


6. Six non-overlapping squares of side length 2 are contained in a circle. Let A be the least possible 
area of the circle. 


Show that A < 127 


SOLUTION 


| The most obvious way to do this is to arrange the shape in the form of a rectangle. | 
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However, by Pythagoras theorem, the circle has radius V3? + 2? = V13, which gives it an area 
of 132, which is too big - all we know is that A < 13z. 


We’ ll need to find a better arrangement. 


Consider the following arrangement of the six squares. 


C D 


H G 


Here, O is placed on the line of symmetry such that OD = OG. Since the diagram is symmetrical, this 
means OC = OD = OG = OH. 


Suppose that x is the distance of O above the line GH. Then, Pythagoras’ theorem tells us that 
O@ =x? 412 =x +1. 


Also by Pythagoras’ theorem, OD? = (6—x)? +2? = x*—12x+40. Since OD = OG, x7-12x+40 = x? +1. 
This simplifies to give 12x = 39, or x = B, 


Then, OG = Vx? + 1? = = (4 ($) = 1= 18> . This will be the radius of our circle. 
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We need to check that OA and OB are smaller than this. 


2 
[162 
OA = OF = V(x - 2} +32 = 2 +9= 102 < OC 
4 16 
3\" 153 
OB = OE = y(4- x? +3? = (;] 4994/5 < 0G 


C D 


H G 


Then, the area of this circle is By = 11.5625m < 127. Therefore A < 127. 


In fact, the best known area for the circle is A < 11.3987, due to Erich Friedmann. 


The smallest possible circle is not known for more than 2 squares. You can see this and many 
other similar packing arrangements at https://www2.stetson.edu/ efriedma/packing.html. 


7. Find all primes p such that p? + 11 has exactly 6 factors. 


ANSWER p=3 


SOLUTION 


| We can start by looking at p + 11 for the first few primes, and then count the number of factors. | 
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p | p +11 | Factorisation | Number of Factors 
2 15 3x5 4 
3 20 22x5 6 
5 36 24x3 9 
7 60 2?x3x5 12 
11| 132 | 2 x3x11 12 
13| 180 | 2?x3?x5 18 
This means p = 3 is one solution. We can also observe that many of the values of p? + 11 seem 
to be divisible by 12. Since 12 has 6 factors already, the overall number will have more than 6 
factors. 


For p > 3, lets consider the values of p modulo 12: it cannot be even or a multiple of 3. This leaves the 
remainders 1,5, 7 and 11. Then, the following table shows the values modulo 12. 


p | P (mod 12) | p +11 (mod 12) 
I I 0 
5 25=1 0 
7 49=1 0 
11 121=1 0 


This tells us that p* + 11 always has a factor of 12 for p > 3. This means it always has at least 6 factors: 1, 
2, 3,4, 6 and 12. If p + 11 > 12 though, then p + 11 is another factor, so there are more than 6 factors. 
This happens whenever p > 1, so for all primes. 


Therefore the only possibilities for having six factors are p = 2 and p = 3. If p = 2, p? + 11 = 15, which 
has just four factors. If p = 3, p + 11 = 20, which has 6 factors. 


Therefore the only solution is p = 3. 


8. (a) Express 50 in the form p + n? with p prime and n an integer. 


(b) Find a positive integer that cannot be written in the form p + n? with p prime and n an integer. 


ANSWER 
(a) 23 +3? = 50 
(b) e.g. 216 


SOLUTION 


(a) We can consider the possible values of n. If n = 1, neither 49 = 7 nor 51 = 3 x 17 are prime. If 
n = 2, neither 42 = 2 x 3 x 7 nor 58 = 2 x 29. However, if n = 3, 50 — 27 = 23 is prime. 


Therefore we can write 50 = 23 + 3°. 


(b) 


It’s not immediately obvious how to start this question. One way to start is to write z for 


the number we’re choosing. Then p + n° = z. Rearranging this equation gives p = z F n>. 


If z cannot be written in this form, we need p to be unable to be prime. This means we 
need z F n? to have lots of factors. What’s the best way to achieve this? If this expression 
factorised, this would give some factors. 


What type of z would allow this to be factorised. In question 2 we met factorisations of the 


sum or difference of two cubes. So maybe we should try z = y°. 
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Let us consider writing y° in this form. Then, we either have y? = p +n? or y? = p—n?. Rearranging 


these equations, we get one of: 


p= yi tn) =(y+n)(y?=ny +n?) (1) 


p=y -m =(y-n)(y +ny +n?) (2) 


If p is prime, one of these factors must be 1. In equation (I), we know y +n >= 1+1 = 2 and 
y? —ny +n? = (y-n? +ny > 1 unless n = y = 1. However, if n = y = 1, then p = 2 would be 
prime. Therefore this expression is never prime. 


In equation (2), y*+ny+n* > 1, so this can only be prime ifn = y-1, then p = 1(y? + yy - 1) +(y- 1)”) = 
3y? — 3y + 1. If this factor is composite, then there is no way to write y? in the form p + n° with p 
prime. 


Then all that remains is to find sucha y. 


y | 3y?-3y 41 Prime? 

2 7 Yes 

3 19 Yes 

4 37 Yes 

5 61 Yes 

6 91 No: 91 =7 x 13 


Therefore 216 cannot be written in the form p + n°, with p a prime and n a positive integer. 
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1. Suppose a, b,c, d,e, f are successive positive integers. What are the possible values of a if 


(a) ef is an integer 


(b) ef is an integer 


(c) bad is an integer? 


ANSWER 

(a) a = 1,2,4,5, 10,20 
(b) a = 1,2,5 

(c) a=6 


SOLUTION 


(a) Since the integers are consecutive, we can write a, b,c,d,e, f = a,a+1,a+2,a+3,a+4,a+5. Then, 


+4(a+5 2 49a +20 20 
ef _ (a+ 4)(a+5) Xa T eaa 7 =a+9+—. 

a a a a 

This is an integer exactly when a is a factor of 20. Since a is positive, the possible answers are 1, 2, 4, 


5, 10 and 20. 


(b) We can again write these in terms of a, giving 


ef _(a+4)(a+5) _ a +9a+20 _, , 8a+20 


ab  a(la+!1) +a a +a 


For this to be an integer (as a > 0), we know a? +a < 8a +20. This rearranges to give a? -7a +20 < 0. 


Completing the square, (a - 3) < 159 < 36. Then, a < 10, so we need only to consider these values 


ofa. 
e | f | ab| ef ae 
5 | 6/2/30 15 
6171614 7 
7 | 8 |12| 56 | 42 
8 | 9 | 20] 72 33 


9 | 10 | 30; 90 
10 | 11 | 42 | 110 
11 | 12 | 56 | 132 
12 | 13 | 72 | 156 
90 | 182 


OADM PWN K| 8 
OMmAANNHPWHN] SF 


N NNN 
-zle & 


O 
— 
© 
— 
W 
— 
& 
Dl 
W| 


Therefore, the only solutions are a = 1, a = 2 and a = 5. 
(c) This time we’ll write the equation in terms of e: 


bed _ (e-3)(e-2)(e-1) _ e -6e + lle -6 


ae etali, 
e e e e 


Then, e is a factor of 6. As a > 1 and e = a + 4, we know e > 5. Therefore the only solution is a = 6. 


2. Anya is 2m tall. She is jogging at speed 6m/s away from a 5m tall streetlight. 


How fast is her shadow lengthening? 
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ANSWER 41m/s 


SOLUTION 


Suppose Anya is xm from the streetlight, and her shadow has length sm. 


xm Shadow, sm 


Since they have a common angle, and both Anya and the streetlight are vertical, the two triangles are 


similar. This tells us that 
S+x S 


5S 2 
Multiplying by 10 and collecting like terms, we get 3s = 2x. Then, s = Zx. 


As Anya is running at 6m/s, the distance xm is increasing at this rate. This means Anya’s shadow is 
increasing at a rate of 4m/s, regardless of how far she is from the streetlight. 


3. Prove that, for any positive integer a > 1, there is a prime p such that 1 + a + a? +... + a?! is 


composite. 


SOLUTION 


It’s not immediately obvious how to start approaching this question. One very useful observation 
is that there are p terms in this sum, so if they were all to be congruent to | (mod p), then this 
would have a factor of p. 


Suppose a > 2, then let p be a prime factor of a — 1. This can be done, because all numbers n > 2 have a 
prime factor. 


Then, a = 1 (mod p), so a’ = 1 (mod p) for all r. 


Then, lt+ata?+...a?"!=14+14+1+...1=0 (mod p),sol+a+a’?+...a?~! hasa factor of p. As 
p isa factor of a—1, p< a<1+a+a*+...a?~'. Therefore this number has a factor p that is neither 
itself nor 1, and therefore is composite. 


If a = 2, we need only to find such a prime p dividing 1 +2 +2? +... 2?7!. The first few examples of this 
are prime, but, if p = 11, 1+a+ a? +... aP! = 2047 = 23 x 89. 


Therefore, whatever the value of a, we have a prime p such that 1 + a + a? +...a?~! is composite. 
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4. In the tetrahedron with vertices A, B, C and O, the angles ZAOB, ZBOC and ZCOA are all right 
angles. Triangles AOB, BOC and COA have areas 6cm?, 39cm? and 5cm? respecively. 


What is the area of triangle ABC? 


Answer 10cm? 


SOLUTION 


Let us label the lengths OA = a, OB = band OC = c. 


Then, since ZAOB, ZBOC and ZCOA are all right angles, we can use Pythagoras’ theorem to deduce that 


AB = VOA? + OB? = Va? + b?, 
AC = VOA? + OC? = Va? + c, 
BC = VOB? + OC2 = Vb? + c?. 


We want to calculate the area of triangle ABC. In question 4 on sheet 2, we met Heron’s formula for 
calculating this area. This said that if the side lengths of the triangle were x, y and z, with s = 5(x +y+z) 


the semiperimeter, then the area is 
vs(s —x)(s — y)(s — z). 


Applying this to ABC, we get s = (y a? + b? + Va? + c? + Vb? + 2), Writing A for the area, we have 


R = = (va +b? + Va? +e + Vb? +02) (Va +b? + Va? +e -— vb? +e?) 
(va +b? — Va? + ce? + Vb? +c? (-va? +b? + Va? +c? + Ve? +02), 


—— 
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Using the difference of two squares factorisation, this gives 
R = glares Vare) (0? + IG +e) - (vr - Ve+2) | 
= =e (20° + 2Va? + bVa? + c2) (2Va? + Ba? + c? — 20°). 
Take out a factor of 4: 


= (ve + Va? +c? + a?) (va +b?Va? + c2 - a?) 


a HG +8) (a +°) - aå) 


1 
= z (a7 +b + ca’), 


Now, the areas of AOB, BOC and COA tell us that: 
1 
[AOB] =6= zb 
1 
[BOC] = V39 = she. 


1 
[COA] =5 = zeA 


Therefore 
ab? = 144, 
b*c? = 156, 
ea = 100. 
Therefore 


[1 
A = z0% + 156 + 100) = V100 = 10. 


Hence the area of ABC is 10cm?. 


5. Let p be a prime number, and a an integer coprime to p. 


(a) Show that ax = ay (mod p) implies x = y (mod p). 


(b) What can you say about the set of numbers {a,2a, 3a, ...(p — 1)a}, when working modulo p? 
(c) What is the value of a?~! (mod p)? 


This result is called Fermat’s Little Theorem 


ANSWER 
(b) These are the remainders 1,2,...p — 1 in some order. 
(c) a?-! = 1 (mod p) 


SOLUTION 


(a) We know that ax = ay (mod p), which tells us that a(x — y) = 0 (mod p), and therefore has a factor 
of p. As a is coprime with p, p must divide x — y. This implies x = y (mod p). 
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(b) Part (a) tells us that each of the terms in the set {a,2a,3a,...(p — 1)a} when considered (mod p) 
are different. Since a does not have a factor of p, and nether do 1,2,...p— 1, none of them are 
congruent to 0 (mod p). Therefore the set contains the terms 1,2,3...p— 1 in some order, so 
{a, 2a, 3a,...(p — l)a} = {1,2,3,...p— 1} 


(c) In part (b), we saw that {a, 2a,3a,...(p — 1)a} = {1,2,3,...p— 1}. Since these sets are the same, 
the product of all the elements in the sets must also be the same. Therefore 


ax2ax...(p-l)a=1x2x...(p—-—1) (mod p). 
Remember that r!, read r factorial, is the product 1 x 2 x... xr. We can then establish that 
a?'(p—1)!=(p-1)! (mod p). 


Now, notice that (p — 1)! does not have a factor of p. As p is a prime, it is coprime to p, and therefore 
aP! = 1 (mod p). 


This result, Fermat’s Little Theorem is very useful for calculating large powers modulo a 
prime. On the next sheet we’ ll see how it can be useful for cryptography. 


6. Suppose that ABC is a triangle with circumradius R. (The circumradius is the radius of the 
circumcircle, which passes through A, B and C.) Let the lines BC, CA and AB have the lengths a, 
b and c respectively. 


Prove that 
a b c 


sin ZA g sin ZB = sin ZC J 
This is called extended sine rule. 


2R. 


SOLUTION 


In this solution, we’ll prove the final equality first, that -5g = 2R, and then use the same 
result applied to A and B to prove the full result. 


Let D be at the end of the diameter from B. Draw in the line AD and the diameter BD. 
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Since they are both subtended from the chord AB, we know that ZADB = ZACB = ZC, as they are angles 
in the same segment. Since BD is a diameter, the angle subtended from it is a right angle, so ZBAD = 90°. 


Since it is a diameter, BD has length 2R. 


C 


Then, in the right angled triangle ABD, sin ZADB = AB, Substituting for these values, sin ZC = 5%- 


Rearranging, we get 
c 


sin ZC 


2R. 


There was nothing special about the vertex C: we could have done the same with A or B. This tells us that 


a b DOR: S 
sinZzA sinzB sinZC — 


7. Find the roots of the quadratic equation x? — 10!°x + 1, accurate to 30 decimal places. 


Answer 0.000000000100000000000000000001 and 999999999 .999999999899999999999999999998 


2R. 


SOLUTION 


Suppose that the two roots are œ and 8. Then the expression factorises as x? — 10!°x + 1 = (x —@)(x — p). 
From this, œ + 8 = 10!° and af = 1. This tells us both « and £ are positive, with one small (less than 1) 
and the other close to 10!°. We’ ll consider finding the small root. Since the names « and 8 were arbitrary, 
we can assume that œ is the small root. 


In this question we'll work by approximating the root, and then seeing if we can show how 
large the error would be. 


We know that a? — 101a + 1 = 0. As a is very small, we know that a? x 0, so 10!%@ x 1 and 
a x 10719, 
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Let’s write a = 107!9 + e. Then, 


This tells us that writing a = 107! + e might be useful. | 


(107! + 8)? — 100107! + e) +1 = 0. 
Expanding the brackets and collecting like terms, we get 

10 - (10 -2x 10° Je + 2? = 0. 
Then, 


10°70 + e? 107% 


MSE a = 19730 
© = 7910 2x 10-10 ~ 100 


If we instead factorise this as 
(10'° ~2x 19719 - e) = 107%, 


we get 
10720 10720 
E= < 
1010 — 2 x 107! — € 10!0(1 -3x 10710) 
Here we have used the fact that @ is the smaller root to establish that a < 1, soe < 1. 
Hence, 1073? < e < 1.5 x 1079, so 10710 + 10730 < œ < 10719 + 1.5 x 107%. 


This tells us that œ = 0.000000000100000000000000000001, to 30 decimal places. Then 8 = 10! — a = 
999999999 .999999999899999999999999999999 to 30 decimal places. 


< 1.5 x 10730. 


Interestingly, if you try this on a standard calculator, the solutions are so close to 0 and 10!°, it 
will give you these, even though substituting them into the original expression both clearly 
give 1. 


. 17:36 29/05/84 is a pandigital time and date as it uses each of the digits 0 — 9 exactly once. 


The product of a date and time is the product of the five two-digit numbers that make it up. For 
example, the product of the pandigital example above is 17 x 36 x 29 x 05 x 84. 


Find all pandigital dates and times for which the product is a perfect cube. 


ANSWER 13:54 26/09/78 only. 


SOLUTION 
Let us write the pandigital date and time as ab:cd e f/gh/ij, in the form HH:MM DD/MM/YY. 


Let’s start by considering where the digits 0, 1 and 2 need to go. As there are 12 months in the year, g 
must be either 0 or 1. There are 24 hours in the day, so a must be 0, 1 or 2. There are at most 31 days in a 
month, so e must be 0, 1, 2 or 3. 


Ife = 3, f =Oor f = 1, so f and g contain the digits 0 and 1 between them and a = 2. 


Therefore b is not 0, 1 or 2, so b = 3, since only have 24 hours in the day. However, e has already been 
assigned 3, so this must mean that e + 3. 


Hence e is one of 0, 1 or 2. 


Now we have that the digits 0, 1 and 2 must be assigned between a, e and g. Every other letter must be 
assigned a digit at least as large as 3. 
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We can eliminate the case when g = 1, because this would imply that h is one of 0, 1 or 2, because there 
are only 12 months, but we already know where 0, 1 and 2 are assigned. Therefore g = 0 and a and e are 
1 and 2 in some order. 


Considering the hour, a = 1 or a = 2. If a = 2, then, as there are 24 hours in the day, b < 4. As above, 
b + 0,1, or 2, so b = 3. This gives an hour of 23. As 23 is a prime, for the product to be a cube, 233 must 
be a factor of the product. The other two-digit multiples of 23 are 46, 69 and 92. Since each digit is used 
once, we cannot have another 23 or 92, as both contain 2. We can only have one of 69 or 46, because 
they share the digit 6. This means there is at most one more factor of 23, which is not enough for a cube. 
Therefore a = 1. 


We can therefore conclude that e = 2. 


Then we have 
Ib:cd 2f/O0h/ij. 


Now we consider where the 5 digit can go. 


A number is a multiple of 5, if and only if, it ends in a 0 or a5. Since 0 is the first month digit, we know 
that the only possible multiple of 5 would be one ending in 5. This number has at most a factor of 57, as 
53 > 100. 5 is a prime number and so must appear with an index which is a multiple of 3 in any cube. 
Only one of the five numbers in the product can have a factor of 5 and the index would be at most 2. We 
can therefore conclude that 5 cannot appear as the units digit in any of the terms in our product. Therefore 
either c = 5 ori = 5, and one of the two-digit numbers in the product starts with a 5. If this was i, then 
any solution could have the minutes and years swapped for another solution (as the minutes would still be 
under 60. For now we’ll assume c = 5, but we would need to check any solution to see if we can swap the 
minutes and years. 


We’ ll now consider d. 


e d cannot be 0, 1, 2 or 5, as we’ve already used these. 


Both 53 and 59 are prime. There are no other multiples of 53 or 59 that are under 100 (except 0), so 
we cannot get the cubic factor required in the product. Hence the other digit cannot be 3 or 9. 


If d is 8, then we get 58 = 2 x 29, so we need three factors of 29. The only possible multiples of 29 
are 29, 58 and 87, so we’d need all three (as none have a factor of 29°). However, both 58 and 87 
use the 8, so this cannot happen. 


If d is 7, then we have 57 = 3 x 19. The possible multiples of 19 are 19, 38, 57, 76 and 95. Since 
we have 57, we cannot have either 76 or 95. Therefore we’d have 


19:57 2f/0h/38. 


The digits 4 and 6 are left over. There are no other factors of 13, so we cannot have f = 6. In either 
case, the product is 19 x 57 x 24 x 6 x 38 = 2° x 33 x 193. As the power of 2 is not divisible by 3, 
this is not a cube. Thus the other digit cannot be 7. 


Therefore we either have 54 or 56. 


This means, up to a potential minute-year swap, we have 


1b:54 2f/Oh/ij or 1b:56 2f/Oh/ij. 


Now, it is worth noticing that for any prime p larger than 15, it can divide only one of 1b and 2f, since 
2 x p > 30. Also, p* > 100, so ij can only provide at most one factor of p. Neither 54 nor 56 have any 
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such prime factor, so there cannot be three factors of p, which would be required for the product to be a 
cube. 


Now, consider the value of b. 
e b#0,1,2,5, as these digits have been used. 
e b # 7,9, since we cannot have a factor of 17 or 19, as these are primes larger than 15. 


e If b = 3, then we have a factor of 13. The only other possible factors of 13 are 2f and ij. Hence 
f = 6, andi and j must each be 7, 8 or 9. The only multiple of 13 we can make from these is 78. 
This gives the potential solution 

13:54 26/09/78. 


The product of this is 13 x 54 x 26 x 9 x 78 = 2? x 3° x 133 = (2 x 3? x 13)°, so we have a solution. 


e If b=4 or b = 6, then the other of 4 and 6 must be d. Then, f, h, i and j can only be 3, 7, 8 or 9. 
There are 12 possible (ordered) pairs ij: only 98 does not have a prime factor larger than 15. 


As 23 is a prime larger than 15, f # 3, so f = 7 and h = 3. Therefore the two options are 
14:56 27/03/98 and 16:54 27/03/98. 


The first of these has four factors of 7 in the product (one from 14, one from 56 and two from 98). 
The second has just two (both from 98). These are not multiples of 3, so neither are cubes. 


e If b = 8, we have one of two cases: either d = 4 or d = 6. 


— If d = 4, then we have 
18:54 2f/0h/ij. 


f # 3,9, as 23 and 29 are primes larger than 15. If f = 6, we get a factor of 13. 18 and 56 
have no factor of 13, and Oh is too small. Therefore f = 7. 


This leaves 3, 6 and 9. The only possible prime factors of Oh are 2 and 3, which are also the 
only prime factors of 18, 54 and 27. Only 36 and 96 are possible for ij, as all the others have 
non-cube prime factors that are not 2 or 3. 


This gives options: 
18:54 27/09/36 with product 2* x 3!?, 
18:54 27/03/96 with product 2’ x 3!°. 
Neither of these are cubes. 


— If d = 6, then we have 
18:56 2f/Oh/ij. 


56 has a factor of 7, so we need some others. The only possibilities are 07 and 49. We need 
exactly 2 more factors of 7 (we don’t have enough for 5), so ij=49. 


As we can’t have 23, we must have 
18:56 27/03/49. 
This has product 24 x 3° x 7°, which is not a cube. 


The only solution we’ve found is 
13:54 26/09/78. 


We need to check if we can swap the minutes and years. Since 78 > 60 we cannot do this, so this is the 
only solution. 
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1. Solve the simultaneous equations 


4x +3y = 496 


5x + V5y = V1l7x+7Ty. 


ANSWER x = 16 and y = 144 or x = 31 and y = 124 


SOLUTION 


The main difficulty in this question is the square roots in the second equation. The best way to 
deal with these is to square the equation, remembering that this may introduce extra solutions. 
In this case, we need to square twice. 


We can start by squaring the second equation, which gives 
5x + 5y + 10VWxy = 17x + 7y. 
Rearranging and halving, we get 


54yxy = 6x + y. 


Squaring both sides again, produces 
25xy = 36x? + 12xy + y. 


Simplifying, we get 
36x? — 13xy +y? =0. 


Notice that, in this equation, every term has degree 2 in x and y (it consists of a number 
multiplied either by x and x, x and y or y and y). These powers being the same means that the 
equation is homogenous. This suggests it might factorise like a regular quadratic, but with 
some terms in x and some terms in y. 


An alternative would be to divide by y? (making sure to consider the case y = 0 separately), 
and then to solve the quadratic in =. 


Now, this equation factorises as 
(9x — y)(4x — y) =0. 


Hence, either y = 9x or y = 4x. 
e If y = 9x, then 4x + 27x = 496, so 31x = 496 or x = 16. This makes y = 144. 
e If y = 4x, then 4x + 12x = 496, so 16x = 496 or x = 31, making y = 124. 


We should then check that these are indeed valid solutions, since squaring can add additional solutions. 
We can substitute these into the original equations. If x = 16 and y = 144, we get: 


4x +3y =4x164+3x 144 = 64+ 432 = 496 
V5x + 45y = V80 + V720 = 4V5 + 12V5 = 16V5 = V1280 
= V272 + 1008 = V17 x 16 +7 x 144 = 17x + 7y. 
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Therefore this is a valid solution. In the case that x = 31 and y = 124, then 


4x + 3y =4x 3143x124 = 124 + 372 = 496 
V5x + 45y = V155 + V620 = V155 + 2V155 = 3V155 = V1395 
= V527 + 868 = V17 x 31+7x 124 = V17x+7y. 


Therefore this is also a valid solution. 


This means the solutions are x = 16, y = 144 and x = 31, y = 124. 


2. This question uses the binomial coefficients ("), which we met in question 3 of sheet 2. 


(a) Show from their values in terms of factorials that 
n+1 n n 
= + ‘ 
r+1 r r+1 
i. How many ways are there to choose r + 1 objects from a set of n + 1? 


ii. Suppose that one of the n + 1 objects is special. How many ways can you choose r + 1 
items including the special one? 


iii. How many ways can you choose r + 1 items without the special one? 


e-e 


iv. Hence prove that 


(c) Show that 


ANSWER 


(b) i Gi 


SOLUTION 


(a) The formula for binomial coefficients tells us that 


n\ | n! 
—_— 
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Therefore, 
o) +( n | B n! 7 n! 
r r+1 rin-r)! (r+1)!(n-r-1)! 
n! 1 1 
n! n+1 
E (n+ 1)! 
~ (r+1)!(n-r)! 
_ (n+l 
7 (’ + i} 
(b) i. This is exactly the definition of (oy 


iii. 


iv. 


(c) 


. If the special object is chosen, we need to choose an additional r objects from the other n. There 


are exactly ("") ways to do this. 


Without the special object being chosen, there are n objects available, of which r + 1 must be 


chosen. Therefore there are ee ways of doing this. 


Let’s consider choosing r + 1 objects from a set of n + 1. There are ai ways of doing this. 


Of these, (”) include the special object and (.”,) do not. This is all the possibilities (either the 
special object is or is not included), so 


To do this we have found two different ways of counting the number of selections of r + 1 
objects from n + 1: directly and splitting on whether the special object is included. The 
key is that we know that, as they are counting the same thing, they must have the same 
value, which leads to the equivalence. 


For this part, we want to find something that we can count in two different ways. The right 
and side of the equality has the value 2”, which suggests perhaps the number of subsets 
of a set of size n. The question is then how to view the left hand side of the equality as 
counting the same thing. 


Let us consider the number of subsets of a set of size n. Each object can be included or not 
independently, so there are 2” possible subsets. 


For each i with 0 < i < n, the number of subsets of size i can be expressed as ("). The total number of 
subsets of all sizes is the sum of the number of subsets of each possible size. Therefore, 


(a) + (7h +(5) +--+ WEES 
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3. Suppose that £ is a line, and that T and A are circles, tangent to £ at C and D respectively and also 
tangent to each other at T. Let E be the opposite end of the diameter of A from D. 


E 


C D 


Prove that C, T and E are colinear (i.e. they lie on the same line). 


SOLUTION 


In this question, it is very important not to accidentally assume that E£, T and C all lie on the 
same line. If you want to say something about the triangle CDE, you can’t assume that T lies 
on the perimeter, even if it looks like it does in your diagram. It might help to draw a diagram 
where they aren’t actually on the same line, so you don’t accidentally assume that they are. 


Let O be the centre of T, and P the centre of A. 


VY 


C D € 


Since £ is tangent to I at C, ZOCD = 90°, as OC is a radius. Likewise ¿PDC = 90°, as PD is a radius of 
A and £ is tangent to A at D. 


Then, as they are both perpendicular to £, we know that ED and OC are parallel. 


As T is the point where I and A touch, the radii form a straight line, as they are both perpendicular to the 
common tangent, so OTP is a straight line. 


Then, the angles ZCOT and ZTPE are alternate angles, so they are equal. 


Then, as OT and OC are radii of I’, they are equal and triangle COT is isosceles. Therefore ZOTC = 
90° — 5 ZCOT. 


Likewise, PE and PT are both radii of A, so are equal in length. This makes TPE isosceles, so 
LPT E = 90° = } EPT. 


Putting these together, OTC = 90° — }LCOT = 90° — 5ZEPT = ZETP. As OTP is a straight line, this 
means CTE must be also. 
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4. (a) What is the remainder when 1000! is divided by 89? 


(b) What is the remainder when 1000! is divided by 87? 


It might help to remember question 5 on the previous sheet. 


ANSWER 
(a) 45 
(b) 82 


SOLUTION 
(a) Since 1000 = 11 x 89 + 21, 1000 = 21 (mod 89) 


Since 89 is prime, Fermat’s little theorem tells us that 2188 = 1 (mod 89). Then, 1000 = 11 x 88 +32, 
so 


11 
10001000 = 211000 = 7188x11+32 = (21°) x 2132 = 1! 2132 = 2132 (mod 89). 
Then, 21? = 441 = —4 (mod 89). Therefore, 214 = (—4)* = 16 (mod 89) and 218 = 16? = 256 = 
—11 (mod 89). Then, 21!° = (-11)? = 121 = 32 (mod 89) and 21?? = 32? = 1024 = 45 (mod 89). 
Therefore 1000! = 45 (mod 89), so the remainder is 45. 
(b) 


It is worth noticing that 87 is not prime, so we cannot apply Fermat’s Little Theorem 
directly. However, as 87 = 3 x 29, and these are prime, we can apply it modulo 3 and 29. 


Working modulo 3, we know that 1000 = 1 (mod 3). Therefore, 1000! = 11000 = 1 (mod 3). 


Working modulo 29, we have that 1000 = 14. Fermat’s Little Theorem tells us that 14° = 1 (mod 29), 
so 


100010 = 141000 = 1428%35+20 = (148) x 14% = 1° x 14 = 14” (mod 29). 


Now, 147 = 196 = -7 (mod 29). Therefore, 144 = (-7)? = 49 = 20 (mod 29), and 14° = 20 x 14 = 
280 = 19 (mod 29). 


Then, 14!° = 19? = 361 = 13 (mod 29) and 147° = 13? = 169 = 24 (mod 29). 


Now, we know that 1000!°° = 24 + 29x (mod 87), as it must give the correct remainder modulo 29, 
and 29 is a factor of 87. 


Working modulo 3, 24 + 29x = 1000! = 1 (mod 3), which reduces to 2x = 1 (mod 3), so 
x =4x =2 (mod 3). 


Then, 1000!0° = 24 + 29(2 + 3y) = 82 + 87y = 82 (mod 87), and therefore the remainder is 82. 


5. Jose buys a lottery ticket for his 45" birthday, for which he has to select six numbers between 1 
and 59. To celebrate his age, he chooses the number 45. In his numbers, he uses all the digits 0 to 


9 once each, and the product of his numbers is a perfect square. 


What numbers did he pick? 


ANSWER 8,9, 16,27,30,45 
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SOLUTION 


To obtain six numbers with ten digits, we need four two-digit numbers and two single digit numbers. As 
all the numbers are between 1 and 59, the two-digit numbers can only begin with 1, 2, 3, 4 and 5. Since 
the only 5 is used for 45, each of the others in the list starts a two-digit number. Hence the numbers are 


a, b, lc, 2d, 3e, 45. 


It is worth noticing that a number is square exactly when each prime is raised to an even power in its 
factorisation. This means every prime must be raised to an even power in the product. 


Now, let’s consider where the digit 9 can go. 


e Ifc = 9, then we have a factor of 19. As this is prime, it needs to be raised to an even power in the 
product. The only other multiples of 19 that are less than 60 are 38 and 57. As the 5 is already used, 
we must have e = 8. The only possible location of 0 is d = 0, giving the numbers 6,7, 19, 20, 38,45. 
The product of these is not a square, as it is divisible by 7, but not 77. 


If d = 9, then we have a factor of 29. As this is a prime, it must be raised to an even power, so we 
must have some other factor of 29. The only other multiple of 29 less than 60 is 58, but the 5 has 
already been used. 


If e = 9, then we have a factor of 13. The only other multiples of 13 are 13, 26 and 52. Neither 13 
nor 52 are possible as the digits 3 and 5 have already been used, so we must have d = 6. Then, the 
only place for 0 is c = 0, giving 7,8, 10,26, 39. Again, this is divisible by 7 but not by 77. 


Therefore the only possibility for the 9 digit is for it to be alone, say b = 9. We have 


a, 9, lc, 2d, 3e, 45. 


Then, let’s consider where the digit 7 can go. 


e If a = 7, then there must be some other multiple of 7. The only possibilities are 14 (4 already used), 
21 (1 already used), 28 and 35 (5 already used). Hence d = 8, and c and e are 0 and 6 in some order. 


If c = 0 and d = 6, the power of 2 in the product is0 +0 +1+2+2+0 = 5, which is odd. If c = 6 
and d = 0, the power of 2 in the product isO+0+4+2+1+0=7, which is also odd. In either 
case the power of two is odd and the product is not a square. 


e Ifc =7, then we have a multiple of 17. The only other possible multiples of 17 is 34, but the 4 has 
been used. Therefore the product could not be a square. 


e If e = 7, then we have no other possible multiples of 37, so the product cannot be a square. 
Hence we must have d = 7, giving 
a, 9, lc, 27, 3e, 45. 


Then, there are two possible locations for the 0, either c = 0 or e = 0. There are then two possible orders 
for 6 and 8. 


e Ifc =O anda = 6, this gives 
6 9, 10, 27, 38, 45. 


The product is 2? x 38 x 5? x 19, which is not a square as 19 is raised to an odd power. 


e Ifc =Oanda = 8, this gives 
8 9, 10, 27, 36, 45. 


The product is 2° x 3° x 5*, which is not a square as 3 is raised to an odd power. 
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e Ife =O anda = 6, this gives 
6, 9, 18, 27, 30, 45. 


The product is 2? x 3!! x 5*, which is not a square as 2 and 3 are raised to an odd power. 


e Ife =Oanda = 8, this gives 
8 9, 16, 27, 30, 45. 


The product is 28 x 38 x 5*, which is a square as all the primes are raised to an odd power. 


Therefore the only solution is 
8, 9, 16, 27, 30, 45. 


6. An equilateral shape is one where all the sides have the same length. 


(a) Construct an equilateral hexagon of side length 5 such that all the vertices have integer 
coordinates. 


(b) Is it possible to construct an equilateral pentagon of side length 5 where all the vertices have 
integer coordinates? 


SOLUTION 
(a) Consider the hexagon below: 


(3,9) (8,9) 


(0,5) 
(8,4) 


(0,0) (5,0) 


Since 3? + 4? = 5, Pythagoras’ theorem allows us to check that all six of these sides have length 5. 


(b) Suppose that an edge of length 5 has a change of a in the x coordinate and a change of b in the y 
coordinate, where a and b could be negative, O or positive. 


Pythagoras’ theorem tells us that a? + b? = 25 in all of these cases. Since 25 is odd, one of a? and b? 
must be odd, and the other even. Therefore one of a and b is odd and the other even. 


Now, let’s look at the points with integer coordinates. If both coordinates are even or both coordinates 
are odd, then we’ll call the point even. Otherwise we’ ll call the point odd. 


Notice that these correspond to whether the sum of the coordinates is odd or even. The 
pattern of odd and even points forms a chessboard colouring. 


If we are at an even point, then an edge of length 5 must change one of the coordinates by an even 
quantity and the other by an odd quantity. This means they will have different parities, and the point 
will be odd. 


If we are at an odd point, the edge will make the two coordinates have the same parity, and the other 
end will be an even point. 
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Therefore, every edge connects an odd and an even point, so there must be an even number of sides 
used in making a shape. This means we cannot make an equilateral pentagon of side length 5 where 
all the vertices have integer coordinates. 


7. A quirky sequence is a sequence a}, da2,... such that the following properties are true: 
e a= 1. 


e ai+ı > a + 1 for any i. 


e ai + aj is composite for any i, j, with i # j. 


(a) Construct a quirky sequence. 


(b) Given a set of numbers a1,a2,. . .,an satisfying the quirkyness properties, can this always be 
extended into an infinite quirky sequence? 


ANSWER 
(b) Itis always possible. 


SOLUTION 
(a) 
There are lots of possible ways of doing this question, and lots of different quirky sequences. 


The way I thought of first was to say that I want all of the differences and sums to be 
composite, so why not try and make them even - this can be achieved by making all the a; 
odd. Then, the only prime number I’d have to worry about would be 2. If we make all the 
numbers of the form a; = 4i — 3 (so that the difference between the closest pairs is 4), then 
the difference between them is a multiple of 4, and the sum would always be larger than 2. 


Set a; = 4i — 3 for all i. Then: 
e a, =4xX 1-3 = l, as required. 
e ain) = 40 +1) -3 =41-34+4=44+4>a;4+1 
e aj +aj =4i+4j —6 = 2(2i +27 —3). Asi and j cannot both be 1, 2i+2j —3 > 1 and the sum 
is composite. 
ai- aj = 41-3 -4j +3 = 4(i — j) = 2 x 2(i — j), and therefore is composite. 


(b) Lets suppose that we have a finite quirky sequence a1,a2,. ..,an. To help with notation, we’ll write P 
for the product aja2... an. 


We'd like a, to satisfy all of the requirements for a quirky sequence, when combined 
with each of the other terms. 


An easy way of giving an+1 + a; a factor would be if a; was a factor of a,+ itself. Then a; 
would be a factor of both the sum and the difference. We can make this happen by making 
sure that a„+1ı has a factor of P. 


We also need to make sure that this isn’t the only factor, as a; could itself be prime. This 
can’t happen as long as an+1 — aj > aj. One way of achieving this is to multiply by some 
x> 2; 


Since a; = 1, we need a,,; + 1 and an+1 — 1 to both be composite. On sheet 2, we met the 
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| factorisation of x? + 1 and x? — 1. This should give us some factors. | 
Set @n41 = 27P?. 
We know that P > a; > 1 for alli. Then, 


G4 = 27P? > 27P > 21an > an+ 1, 


For i > 1, we have 
An+] = A = ai(27P*(a bite . Ai-1)(Gi+1 ak - Qn) + 1). 


Both of these factors are clearly larger than 1, so the sum and difference are both composite. 


When i = 1, we have 
an1 +a = 27P? +1 = GP + 1)(9P? + 3P +1). 
Here, 
3P+123-1=2 
9P’ =3P+1>9P-3P+1=6P+12>7 
Therefore both factors are larger than 1, and hence a, + a; must be composite. 


This means that we can certainly extend the sequence. 


It seems like it should have been possible to have a smaller multiple of P? which would 
still have a linear factor and be a cube, namely 8P?. However, this runs into difficulties as 
2P — 1 could be 1 in the case where P = 1. 


This only happens when n = 1: extending the sequence | to 1,8 fails, as 8 — 1 = 7 is prime. 
An alternative would be to just choose a different value in this precise case (say a2 = 5). 


8. ABCDEF is acyclic hexagon in which AF and CD are parallel. The lines BC and EF intersect at 
L, and the lines AB and DE intersect at M. 


Prove that LM is parallel to CD. 


SOLUTION 
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This question is quite tricky - it’s really difficult to know where to start. I’ve tried to put here 
some of my thinking as I tackled the problem, which led me to the solution below. What I 
haven’t written down is all the things I tried that didn’t work - there were lots of them! 


We want to prove that LM is parallel to CD, which is the same thing as being parallel to AF. 
The only thing that the diagram suggests is the converse of alternate angles for the lines EL or 
BM. This would mean proving that LMA = ZMAF. 


By opposite angles, this is the same as proving that LMA = 180° — ZBAF. 


Since ABEF is a cyclic quadrilateral, this is the same as proving that 2LMB = ZLEB, which 
would be angles in the same segment if LM EB was a cyclic quadrilateral. 


So we'll start by proving that LMEB is a cyclic quadrilateral. The only angles in the 
quadrilateral that we can use the existing circle to help with are those at B and E, so we’ ll try 
and prove that LBM = LEM 
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Let 8 denote ZLBM. 
Then, by angles on a straight line, ZABC = 180° — ZLBM = 180° - 6. 


The quadrilateral ABCF is cyclic, so we can use the fact that opposite angles in a cyclic quadrilateral add 
up to 180° to say that ZAFC = 180° — ZABC = 0. 


Since AF is parallel to CD, we can use alternate angles to see that 2FCD = ZAFC = @. 
As CDEF is a cyclic quadrilateral, opposite angles add to 180°, so ZDEF = 180° — ZFCD = 180° - 0. 
By angles on a straight line, ZLEM = 180° - LED = 8. 


Therefore, LBM = 6 = ZLEM. By the converse of angles in the same segment, this means that EBLM 
is a cyclic quadrilateral. 
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Now, let’s denote ZLMB by a. 

By angles in the same segment of the new circle, LEB = ZLMB =a. 

Since BAFE is a cyclic quadrilateral, 2BAF = 180° — FEB = 180° — a, as these angles are opposite. 
Now, by angles on a straight line, ZWAF = 180° — ZBAF =a. 


Hence, ZLMA = a = ZMAF. Then, by the converse of alternate angles, this makes LM parallel to AF. 
Since AF is parallel to CD, LM is parallel to CD, as required. 
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1. (a) Suppose that every positive integer is coloured red or blue. Show that there must be integers u, 
v, w and x (which need not all be different) of the same colour such that u + v + w = x. 


(b) What is the largest N such that the integers 1,...,N can be coloured red and blue without the 
sum u + v +w = x having a solution in either colour? 


ANSWER 


(b) 10 
SOLUTION 


(a) The number 1 must be given some colour. Let’s suppose it was coloured red. If it was coloured blue, 
then we could swap the colours over. 


If there was a colouring with no such sum, then as 1 + 1 + 1 = 3, 3 must be coloured blue. Then as 
3+3+3 = 9,9 must be coloured red. 


Now, 1 and 9 are both blue. As 1+4+4=9,1+1+7=9and1+1+9 = 11, this tells us that 4, 7 
and 11 must all be red. 


Then, as 3 +4+4 = 11, and 3, 4 and 11 are all coloured red, we have a contradiction. Therefore there 
must always be a solution to the sum in the same colour. 


(b) We’ve seen that using the first 11 numbers, there is always a sum where all the numbers are the same 
colour. Therefore, if we can do it with 1,2,...,10, we know the largest possible N would be 10. 


Consider the following: 


Red | 1,2,9,10 
Blue | 3,4,5,6,7,8 


Then, there cannot be a sum amongst the red numbers, as any three add to at least 3 + 3 + 3 = 9. 
There is no sum amongst the red numbers, as any sum with 9 or 10 adds to at least 9 + 1+ 1 = 11, and 
otherwise between 1 + 1 + 1 = 3 and 2 +2 + 2 = 6, which are all outside the range or red. 


Therefore there are no such sums, and the largest is N = 10. 


2. A rectangular piece of paper has a line drawn down its centre. One corner is folded such that the 
corner lies on the line, as shown in the diagram. 


N 


A 


What is the angle ZADN? 


ANSWER 30° 


SOLUTION 


Folding the paper over tells us that the triangles DAN and DMN are congruent, as they are covered by the 
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same part of the paper before and after the fold. Then 


Then, let us draw in the line segment AM, and label the vertex X, as shown below. 


N 


A 


D 


B 


C 


Since the line XM is midway along the rectangle. This tells us that XM is parallel to AB, and that 
AX = DX. Then, angles ZBAX and ZMXD are alternate, so LMX D = 90°. By angles on a straight line, 


ZMXA = 90° as well. 


Therefore, AX = DX, ZAXM = ZDXM and XM = XM, so the triangles AXm and DXM are congruent, 


by side-angle-side congruence. Therefore AM = DM. 


But also, we know ADN and MDN are congruent, so AD = MD. This makes triangle ADM equilateral, 


and so angle ZADM = 60°. 


Since ADN and MDN are congruent, ZADN = ZNDM also. Since the sum of these angles is 60°, they 


are each 30°, so ZADN = 30°. 


3. A domino in this question covers exactly two adjacent squares of a standard 8 x 8 chessboard. 


(a) Can the entire chessboard be covered in dominoes, with every domino covering exactly two 


squares? 


(b) One corner is removed from the chessboard. Can it now be covered in dominoes? 


(c) Two opposite corners are removed. Can it now be covered in dominoes? 


(d) If two squares are removed from the chessboard, under what condition can the board still be 
covered in dominoes? 


ANSWER 

(a) Yes 

(b) No 

(c) No 

(d) When the two squares are of different colours. 


SOLUTION 


(a) This can be done, for example: 
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(b) There are 63 squares left on the chessboard. Each domino covers two squares, so any set of dominoes 
will cover an even number of squares. This means they cannot cover all the squares. 


(c) Consider the squares colouring the chess board. 


Each domino covers two adjacent squares, so one must be of each colour. The two squares that we 
have removed were both white: there are 30 white squares and 32 black squares remaining. The 
squares cannot all be covered by the dominoes, as they will always cover an equal number of black 
and white squares. 


(d) If the two squares are of the same colour, then there will be an uneven number of white and black 
squares, and the chessboard will not be able to be covered. 


If the squares are of different colours, consider the following path along the squares of the chessboard. 
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| 
| 
1 
Ll. E — — E — — o sees 


i} 
1 
| 
L- ae. — — —- eee -d aos. 


E 
l 
l 
— _ ae aoe... — — A — = — — ae 


There will be two breaks formed where the two squares are removed. As these are of opposite colours, 
and the path alternates the colour of square it passes through, there are an even number of squares 
between the gaps on the path. As these are even, we can cover them in order with dominoes laid along 
the path. 


Therefore we can cover the chessboard exactly when the two squares removed are of opposite colours. 


4. (a) Suppose that ABCDEF is a regular hexagon. If you connect the vertices AC, BD, CE, DF, 
EA and FB, then a smaller hexagon is formed. 


What is the ratio of the side lengths of the original hexagon to those of the smaller hexagon. 


(b) Suppose that ABCDE is a regular pentagon. If you connect the vertices AC, BD, CE, DA 
and EB, then a smaller pentagon is formed. 


What is the ratio of the side lengths of the original pentagon to those of the smaller pentagon. 


ANSWER 
(a) v3:1 
(b) 2:34 V5 


SOLUTION 
(a) Let us label the intersection of AC and BD as P, and that of AC and BF as Q, as in the diagram. 
C B 


NPE 


ee S 


E F 


Since the inner hexagon is regular, we know that ZFQP = ZQPD = 120°. Therefore 2BPQ = 
ZPQB = 60°, by angles on a straight line. Therefore triangle BPQ is equilateral. Then the sides are 
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all equal, say BP = PQ = QB=x 
C B 


A 


Then, if T is the midpoint of PQ, then BT would be perpendicular to PQ. Then, we can apply 
Pythagoras’ theorem in triangle BTQ, to tell us that 


1 
BT = VBO2 - TQ? = 4/x2 - =x? = a 


4 2 


Then triangle BTA is also right angled. By exactly the same logic as above, AQ = x also, so TA = 3x, 
Then, Pythagoras’ theorem tells us that 


AB = VBT? + AT? = oe + a = ¥3x2 = V3x. 


Therefore the ratio is V3 : 1. 
(b) Label points P, Q and R at the intersections of AC and BE, AD and BE and BD and CE. 


Triangle ABE is isosceles, and ZEAB = 108°, as it is the interior angle of a regular pentagon. This 
means the other angles ZABE = ZBEA = 36°. 


The same argument tells us that ZCBD = 36°, and therefore 


ZDBE = ¿CBA — ¿CBD - ZEBA = 108° — 36° — 36° = 36° 


The argument we used before also tells us that 2BDC = 36°, and therefore 2CDB = ZDBE. Therefore 
the lines CD and BE are parallel, by the converse of alternate angles. 


Then, let us label the lengths AB = s, PQ = x and AP = y. 


Since BE is parallel to CD, we know that triangle APQ is similar to triangle ACD, and triangle BRE 
is similar to CRD. This gives us the following relationships: 


AP PQ BR BE 
AC CD’ RD CD 
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Then, we can write these in terms of s, x and y, using symmetry to give us the lengths, to get 


y _xX x+y x+2y 


kj 


x+2y s y S 


Rearranging these, we get 


y x+2y x+y 
xo so o y 
Multiplying up the fractions, we get y? — xy — x? = 0. Applying the quadratic formula, we get 
1+v5 
> ae 


We can then substitute this in to find the value of s in terms of x. 


x(x +2y)  442V5 


x 


y 1+V5 — 
We can multiply numerator and denominator by V5 — 1 to give 


_6+2V5 3+vV5 
= ay = oD 


x. 
Therefore the ratio is 2 : 3 + V5. 


5. (a) Show that 


(b) Show that 


SOLUTION 


(a) Suppose we are selecting r items from a set of n: there are (”) ways of doing this. This is exactly the 
same as choosing the n — r items that we are not selecting, and there are (,”_.) ways of doing this. As 
they are equivalent, there must be the same number of ways, so 


Alternatively, we can write 


n\ n! = n! fùn 
r) rin—-r)!  (n-(n-r)!n-r)! \n-r] 
(b) We can use the first part to rewrite what we would like to show as 
n\(n M n n n : n\(n\ _ [2n 
O}\n HW\n-1) °° Aajo] Nna) 


Now consider selecting a subset of n objects from a set of 2n. There are °") ways to do this, as each 
object can either be selected or not. 
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If r come from the first n objects, there are (” ) ways to select those r. The other  — r must be chosen 
from the other n, so there are (,”.) ways of doing this. There are therefore ("")(,,".) ways of choosing 
the n such that r come from the first n. 


n 
n—-r 


There could be any number from the first n, so the total number of ways of choosing n from a set of 2n 


—_ He) (l(t Je CN} 
(ola) +) ea} +--+ Clo) ia] 


6. 2021 has the property that it is formed by concatenating two consecutive numbers (20 and 21), and 
it is also the product of two numbers that differ by 4 (43 x 47). 


Therefore, 


Find all other 4 digit numbers with these properties. 


ANSWER 3132 is the only other number. 


SOLUTION 


As the number we are looking for is the product of two numbers that differ by 4, we can write it as x(x + 4). 
If it can also be written as y concatenated with y + 1 with two digit numbers, then x(x + 4) = 101y + 1. 


We only have one equation here, but two unknown variables, x and y. However, if we work 
modulo 101, then the term in y disappears, and we can find the possible values of x. 


Working modulo 101, we can write x? + 4x = 1 (mod 101). 


This is now a quadratic equation in x, but working modulo 101. We’d like to be able to factorise 
it, to find the possible values of x. We know from the question that x = 43 is a possible 
solution, so we should look for a factor of x — 43. If the other factor is x — a, this expands 
to (x — 43)(x — a) = x? — (43 + a)x + 43a. Therefore we need 43 + a = —4 (mod 101) and 
43a = -1 (mod 101). 


The first equation we can solve easily to give a = 54. To check, 54x43 = 2322 = 23x101-1= 
—1 (mod 101). Therefore the factorisation is (x — 43)(x — 54). 


We can factorise this equation as (x — 43)(x — 54) = 0 (mod 101), which can be checked by multiplying 
out. As 101 is a prime number, for the product to be divisible by 101, one of the factors must be too, so 
either x = 43 (mod 101) or x = 54 (mod 101). 


As x must be a two-digit number, the only possibilities are x = 43 or x = 54. The former corresponds to 
43 x 47 = 2021, and the latter to 54 x 58 = 3132. These are the only numbers with these properties. 


7. Suppose that p1, p2,...,Pn are all primes. 
(a) Consider the quantity pj p2... pn + 1. Could this be divisible by any of the p;? 


(b) Using this result, prove that there must be infinitely many prime numbers. 


(c) By considering the quantity 4p; p2 . . . pn — 1, show that there are infinitely many primes of the 
form 4k + 3. 
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SOLUTION 


(a) 


(b) 


(c) 


pi divides p,p2... pn, as it is one of the factors. If it also divided pj p2... pn + 1, then it would divide 
the difference, which is 1. This can’t happen, so pi p2... Pn + 1 cannot be divisible by any of the pj. 


If there were not infinitely many prime numbers, then there would be only n of them for some n, say 
P1,P2;---;Pn- But then, consider the quantity p;p2...p, + 1. This is larger than 1, so must have 
some prime factors. But none of the p; divide it, so the prime factors must be new. 


This contradicts our earlier statement that we had listed all of the prime factors, so the assumption that 
there were finitely many must be wrong. Hence there are an infinite number of primes. 


| This result is often called Euclid’s proof of the infinity of primes. | 


Suppose there are finitely many prime numbers of this form, say pj, p2,...Pn. Then, consider the 
value Q = 4p\p2...Pn— 1. As previously, this cannot be divisible by any of the p;, since they all 
divide Q + 1 = 4pı p2... Pn- 


Let’s write Q = q1q2 ... qs where all of the q; are primes. As Q is odd, none of them is equal to 2. 
None of them can equal one of the p;, as they divide Q, which the p; do not. Therefore they must all 
be congruent to 1 modulo 4. 


But then, their product must also be congruent to 1 modulo 4, but Q = —1 (mod 4) from its definition. 
This gives a contradiction - so our initial assumption is wrong and we must have infinitely many 
primes of the form 4k + 3. 
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1. The Fibonacci sequence is the sequence 1, 1, 2, 3, 5, 8, 13, 21, ..., where each term after the first 
two terms is the sum of the previous two. 


(a) Show that there are infinitely many Fibonacci numbers that are the mean of two different 
Fibonacci numbers. 


(b) Show that there are infinitely many Fibonacci numbers that are the mean of three different 
Fibonacci numbers. 


SOLUTION 


(a) Let’s consider the Fibonacci number F;. If we want to write this as the mean of two other Fibonacci 
numbers, then we are required to find j and k such that F; = 5(F per k). We can rewrite this as 
2F; = F; + Fy. 


Using the recurrence relation for Fibonacci numbers: F,-2 + Fa-1 = Fn for n = i and adding a further 
F; term, we have 


2F; = Fi-2 + Fi-1 + F; 
= Fi-2 + Fin. 


Therefore, F; is the mean of F;-2 and F;+1. Therefore provided i > 2, F; is the mean of two different 
Fibonacci numbers. 
(b) We can repeat the same idea, but with an extra F; term. 
We simply add F; to the second equation in part (a) to get 
3F; = Fi-2 + F; + Fi41. 


We want three different Fibonacci numbers, so the F; term needs to be replaced. Combining F; with 
the Fj,; term gives us F;+2, but then we have one too few terms: 


3F; = Fy-2 + Fy. 
We can split the F;-2 term as F;_4 + Fi-3, to give 
3F; = Fi-4 + Fi-3 + F2. 


Therefore, for i > 4, F; is the mean of F;_4, F;-3 and F42. 


An interesting question that comes out of this is which k have the property that infinitely many 
Fibonacci numbers can be written as the mean of k different Fibonacci numbers. I don’t have a 
good answer to this: what can you discover? 


2. Solve the simultaneous equations 


ANSWER x =10,y=9 


SOLUTION 
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You might take a look at this equation and be able to find one solution. y is the square of 
something, and a factor of 90. The obvious candidate is 9. Then x = 10 satisfies both equations. 


From the second equation, we can write x = T Substituting this into the first equation, we have 


90 


Now, we can multiply by y, to give 
yyy — 13y +90 = 0. 


To get rid of the square-root, we can substitute u = 4y, giving 


u? — 13u? +90 = 0. 


This is a cubic equation, and it’s not obvious how to solve it. However, we had one solution to 
the original problem with y = 9. 


If u = 3, then 3° — 13(3)? + 90 = 27 — 117 + 90 = O. This tells us u — 3 is a factor: 
0 = u? — 13u? +90 = (u -3)(u? - 10u — 30) 


Hence u = 3 or u? — 10u + 30 = 0. We can use the quadratic formula to tell us that in the second case, 
= eae = 5 + V55. 


Since u = 4y, u = 0, so the only possible roots are u = 3 and u = 5 + V55. 


These give the solutions y = 9 and y = 80 + 10V55. In the former case, x = 10 satisfies both equations. In 
the latter case, as x + yy = 13, x = 8 — V55. Then we can check: 


(5 + V55) (8 - V55) = 40 - 55 + 8V55 - 5V55 = 3V55 — 15 + 90. 


Therefore the only possible solution is x = 10, y = 9. 


3. Let ABC be a triangle. 


(a) Prove that the perpendicular bisectors of the three sides meet at a point. This is called the 
circumcentre of the triangle, usually denoted O. 


Prove also that the circle through A, B and C has its centre at O. 


(b) Prove that the angle bisectors of ZA, ZB and ZC meet at a point. This is called the incentre of 
the triangle, usually denoted 7. 


It might help to prove that a point is on the angle bisector of PQ and PR if and only if the 
perpendiculars from the point to PQ and PR are equal in length. 


(c) Prove that the altitudes (the lines through the vertices but perpendicular to the opposite sides) 
of the triangle meet at a point. This is called the orthocentre of the triangle, and is usually 
denoted H. 


Hint: Can you find some hidden cyclic quadrilaterals in the diagram? 


SOLUTION 
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(a) 


(b) 


Let’s consider the perpendicular bisectors of AB and AC, and their point of intersection O. 


C 
AN 
A— t— B 


Being on the perpendicular bisector of AC tells us that O is the same distance from A and C, i.e. 
OA = OC. Likewise, being on the perpendicular bisector of AB tells us that OA = OB. 


But then, OB = OA = OC, so O also lies on the perpendicular bisector of BC, and the perpendicular 
bisectors all meet at a point. 


Since OA = OB = OC, this means that O is the centre of the circumcircle - the circle that 
passes through all three vertices. 


Consider the angle ZQPR. Let Y and Z be the feet of the perpendiculars dropped from X. 


Q 
Y 
X 
P R 
Z 
If XY = XZ, then we have that right-angled triangles PYX and PZX have the same hypotenuse 
(PX) and another equal side. Pythagoras’ theorem tells us that the final side must be the same: 


PY = VPX? — XY? = VPX? — XZ? = PZ, and therefore the triangles are congruent. This means 
ZYPX = LXPZ, and therefore X lies on the angle bisector of ZY PZ. 


If X lies on the angle bisector of ZY PZ, then ZY PX = ZX PZ. Then, triangles PY X and PZX are 
congruent as they have two angles the same and a side the same. This makes XY = XZ. 


C 
U 
V 
A B 
T 


Let J be the intersection of the angle bisectors at A and B. Let T , U and V be the perpendiculars 
dropped to AB, AC and BC. Then, from the above, we know that JU = IT, as J is on the angle 
bisector of ZU AT. Likewise IV = IT, as I is on the angle bisector of ZT BV. Therefore JU = IT = IV, 
so J is on the angle bisector at C. 


Therefore, all three angle bisectors meet at the incentre. 
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IT = IU = IV. 


The incentre is the centre of the circle tangent to all three sides of the triangle, as 


(c) Let’s write D and E for the altitudes from A and B, and H the intersection of AD and BE. Then let F 
be the intersection of AB and CH. 


C 


Now we can look for some hidden cyclic quadrilaterals. To do this we need to use the 
converse of angles in the same segment and opposite angles in a cyclic quadrilaterals. 


Since ZAEB = 90° = ZADB, AEDB is acyclic quadrilateral, by the converse of angles in the same 
segment. Likewise, since ZCEH = ZCDH = 90°, they sum to 180°, and so by the converse of 
opposite angles in a cyclic quadrilateral CE DH is also a cyclic quadrilateral. 


let’s do that. 


The segment DE is a chord of both of these circles, it could be a useful line to draw in, so 


D 


A B 
F 


Now, by angles in the same segment in CEDH, we know that HED = ZHCD. Then, by angles in 
the same segment in AEDB, ZDAB = ZBED. Hence, ZBAD = ZFCB. 


Considering the right angled triangle ADB, BAD + ZDBA = 90°. Using the equality above, 
ZFCB + ZCBF = 90°. Therefore, considering triangle BCF, ZCFB = 180° — ZFBC — ¿BCF = 
180° — 90° = 90°. 


Therefore CF is the altitude, and the altitudes all intersect in a point. 
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4. The five tetrominoes are shown below. They can be turned either way up. 


(a) Show that a 4x6 and a 3x8 rectangle can be tiled by six tetrominos, five of them different. 
Which tetromino have you used twice? 


(b) Show that no rectangle can be tiled by the set of five each used once. 


It might help to imagine placing the tetrominoes on a chessboard. 


SOLUTION 


(a) We can do it using the ’T’ tetromino twice: 


There are no other shapes you could use twice. Once you’ve done part (b), can you explain 
why? 


(b) Our rectangle has an area that is a multiple of four, as each tetromino covers four squares. This means 
at least one of its sides must be even in length. 


Then, consider the chessboard with its standard colouring of black and white squares. The rectangle 
must colour an equal number of black and white squares, as each row or column in the even direction 
has an equal number of each colour. 


Then, we can consider the tetrominoes, and the colours that they occupy. 


"m 


Each of these shapes can either lie on squares as shown, or in exactly the reverse pattern. Notice that 
the `T’ tetromino is the only one not to have the same number of black and white squares covered. 


© UK Mathematics Trust www.ukmt.org.uk 6 


UKMT Mentoring Scheme Solutions Emmy Noether, Sheet 6 


Therefore using them all once each must cover a different number of black and white squares, so 
cannot form a rectangle. 


5. (a) Suppose the numbers 1, 2, ...,n are to be split into three non-empty subsets. How many ways 
are there to achieve this? 


(b) What happens if we insist that each subset consists of a run of at least one consecutive number. 


ANSWER 

(a) ¢(3"-3 x 2"! + 3) 
(b) ("3') 

SOLUTION 


(a) Each element could be in any one of the three subsets and there are n elements, so there are 3” ways 
of doing this. Initially, we’ll consider the combination A, B, C distinct from the same sets in the other 
order. 


However, some of these have one of the sets empty. If the first set is empty, there are 2” ways of 
achieving this, as each element could be in either of the other two sets. The same is true of the other 
two positions. This gives 3” — 3 x 2” options. 


We still haven’t counted the times where there are two empty sets properly. There were three of these 
in the initial count. Each of the 2” we subtracted off contained two of these (all the elements in each 
of the sets that we were filling), so we subtracted 6 copies. This means we need to add 3 copies back 
in, so as not to count them. 


Therefore the total number of combinations is 3” — 3 x 2” + 3. 


There are six ways of ordering the three sets, and since all the sets contain different numbers. 
This means we’ve counted each unordered triple of sets six times, so there are 4 (3” ae eae 43) 
combinations. 


(b) Each set has to consist of a run of numbers. This is equivalent to cutting the list into three pieces, each 
of which will form one of the sets. We can think of the set as n numbers, with n — 1 gaps between 
them. 

1_2.3...(n—2)_(n-1)_n 


We need to choose two of the gaps to cut the list. There are (“7”) ways of selecting these, so ("7") 


possible sets. 


6. (a) In a group of six academics, each pair corresponds only about one topic. Moreover, the only 
two topics are geometry and algebra. Prove that there must be three academics such that each 
pair of those three correspond with each other about the same topic. 


(b) In a group of seventeen academics, each pair corresponds only about one topic. Moreover, 
the only three topics are geometry, algebra and number theory. Prove that there must be three 
academics such that each pair of those three correspond with each other about the same topic. 


SOLUTION 


| This solution looks really short, but it’s got a couple of tricky bits in it. | 


© UK Mathematics Trust www.ukmt.org.uk 7 


UKMT Mentoring Scheme Solutions Emmy Noether, Sheet 6 


(a) Let’s consider one of the academics, say A. They correspond with five other academics: each about 
one of two subjects. 


As there are five correspondents, the academic must correspond with some three of them (let’s call 
them B, C and D) about the same topic, say topic 1. If any of B, C and D correspond with each other 
about topic 1, then these two and A all correspond about the same topic. Otherwise, B, C and D all 
correspond about the other topic. 


(b) Let’s consider one of the academics. They correspond with sixteen academics about three topics. 
Since 16 + 3 > 5, there must be six of them with which they correspond about the same topic, say 
topic 1. 


Consider these six academics. If any pair of them also correspond about topic 1, then we have three 
academics all corresponding about the same topic. Otherwise, there are only two topics left to these 
six academics. But then part (a) tells us that there must be three of these academics who correspond 
about the same topic. 


7. Let G be a convex quadrilateral (i.e. a quadrilateral with no reflex angle). Show that there is a 


point X in the plane of G with the property that every straight line through X divides G into two 
regions of equal area if and only if G is a parallelogram. 


SOLUTION 


If G is a parallelogram, say ABCD. Let X be the point where the diagonals meet, and suppose some line 
PXQ has been drawn through it. 


Q 
D C 


A B 
P 


Now, we need to check that PQ splits the parallelogram in half. The easiest way to do this is to consider 
rotating the diagram by 180° about X. Since the diagonals of a quadrilateral bisect each other, AX = CX 
and BX = DX, and therefore A rotates to C, B to D, C to A and D to B. 


As the line PQ passes through X, it rotates onto itself also. Since AB rotates to CD and PQ to PQ, 
P must rotate to Q, and therefore Q to P. This tells us that the quadrilateral APQD rotates onto the 
quadrilateral CBPQ, so they have the same area. This tells us that the parallelogram has been bisected. 


Now, let’s suppose that there is such a point X. Let PXQ be a line through X. Then, draw in two other 
lines through X that intersect the same sides, say ST and UV. 
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S P U 


Since all the lines through X divide the area equally, L + [VQX] + [SXP] = L + [VTX], as both sides are 
equal to half the parallelogram. Subtracting away L + [VQX], we get that [XOT] = [XSP]. 


Then, as they are opposite angles, LQXT = ZSXP. We know that the areas can be calculated as 
1 
[XOT] = z% sin ZOXT, 


1 
[XPS] = 5sp sin SXP 


Since these areas are equal, as are the angles, we know that qt = sp. 
We can do exactly the same thing on the other triangles, to determine that vq = pu. Dividing these, > = $. 


By opposite angles, ZSXU = ZTXV also. This tells us that triangles SXU and TXV are similar, since 
they have two pairs of sides with a common ratio, and the same angle between them. 


But then, XTV = ZXSU. The converse of alternate angles tells us that VT must be parallel. Therefore 
we must have parallel sides. We can repeat this on the other sides, to get two pairs of parallel sides, and 
hence a parallelogram. 


8. Let p be a prime of the form 4k + 3. 
(a) Suppose that xt = 1 (mod p). Prove that x? = 1 (mod p). 


It will help to remember Fermat’s Little Theorem, which we met in question 5 of sheet 3. 


(b) Therefore show that there are no solutions to the equation x? + 1 = 0 (mod p). 


(c) Prove that there are an infinite number of primes of the form 4k + 1. 


Question 7 on sheet 5 is similar to this. How can you find a number that is coprime to all the 
primes you have already, and can’t have any prime factors of the form 4k + 3? 


SOLUTION 
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(a) Fermat’s Little Theorem tells us that, as x # 0, x?-! = 1 (mod p). Since p = 4k + 3, we have that 
x**+2 =] (mod p). 


We also know that x* = 1 (mod p). Therefore, x** = 1* = 1 (mod p). 
Then, 1 = x4**+? = x4*x? = x? (mod p). 


(b) Suppose x? = —1 (mod p). Squaring this, we get xt = 1 (mod p). Then, part (a) tells us that x? = 
(mod p). As p # 2, -1 # 1 (mod p), so this is impossible. Hence we can’t have x? = —1 (mod p). 


(c) Suppose there were only finitely many primes of the form 4k + 1, say pj, p2,... Pn. Then, consider 
the number A = (2p1p2... Pn) +1. 


Since each of the p; divides (2p p2... pn)”, none of them are a factor of A, and neither is 2. However, 
there must be some prime factor that divides A. Then (2p1p2...Pn)* = —1 (mod q). By part (b), 
this means q cannot be of the form 4k + 3, and therefore is of the form 4k + 1. 


This gives another prime of the form 4k + 1, contradicting the fact that we had listed all of them. 
Therefore there must be an infinite number. 
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1. Show that for any real numbers x, y and z we have 


x(x- y)+y(y-z)+z(z-x) = 0. 


Find all cases where equality occurs. 


ANSWER Equality is when x = y = z. 
SOLUTION 


Lets write S for x(x — y) + y(y — z) + z(z — x). If we expand all three sets of brackets, we get 


Sax’ -xy+y’-yzt7 -xz. 


We’d like to show that this is always non-negative. We know that squares are always greater 
than or equal to 0, so maybe we can write this as a sum of squares. 


To get a—xy term in our square, we need to use something like (x—y)”. As (x-y)? = x7+y?-2xy, 
we'd need to half this, so we should possibly be looking at +(x —y)’. 


We can write this as 
= 2,1 2,1 2 
S=530 =y) +3072) +a). 
Since squares are non-negative, each term in this is non-negative, and hence S$ > 0. 


To get equality, each of the squares must be equal to 0. This tells us that equality happens exactly when 
x= y, y =z and z = x, i.e. exactly when x = y = z. 


2. Three circles touch each other and a line as shown. 
Prove that the radii a, b, and c, where c is the 
smallest, satisfy the equation 


11 


1 
va vb Ve 


SOLUTION 


Let A, B and C be the centres of the circles with radii a, b and c respectively. We’ll also assume a > b. If 
not, we could swap a and b, to get the same result. 


Since the circles are all tangent to the line, their radii meet at right angles. Let the feet of these radii from 
A, B and C be P, Q and R respectively. 
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We’d like to be able to construct some right angled triangles, so that we can equate some of the 
lengths. We can use some parallel lines to give us some right angles. 


As they are all perpendicular to PQ, we know that the lines AP, BQ and CR are parallel. Then, if we 
draw in the lines through B and C parallel to PQ, these will be perpendicular to AP and BQ. 


Let X the intersection of the line through B parallel to PQ with AP. Let Y and Z denote the intersection 
of the line through C parallel to PQ with AP and BQ respectively. 


A 

X fL----\-----}-----5 B 
C 

Y fL------5-f-N<}\.---- |Z 

P R Q 


Now, let’s consider triangle ACY. Since the circles with centres A and C touch, the length AC =a +c. 
Since CR = c and CRPY is a rectangle, YP = c, so AP = a — c. Then, we can use Pythagoras’ theorem, 
as ZAYC = 90°, to tell us that 


YC = VAC? - AY? = V(a+c)2 - (a—c)? = V4ac = 2Vac. 


We can do the same thing in triangle BZC, as BZ = BQ - ZQ = BQ - CR = b -c (since ZQRC is a 
rectangle), BC = b + c and ZBZC = 90°. Then, 


ZC = VBC? - BZ? = V(b +c)? — (b —c)? = V4be = 2Vbc. 


We can likewise repeat the same thing in triangle AXB. As XBQP is a rectangle, AX = AP — XP = 
AP — BỌ =a —- b. Also, AB = a + b, as the circles touch, and ZAX B = 90°. Then, 


XB = VAB? — AX? = Ņ (a +b)? — (a - b}? = V4ab = 2Vab. 
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Using rectangles PX BQ, PYCR and RCZQ, we know that PQ = XB = 2Vab, PR = YC = 2vVac and 
RO = CZ = 2Vbc. Since PO = PR + RỌ, 


2Vab = ac + 2Vbc. 


Then, dividing through by 2Vabc, we get, as required, 


3. Find all quadruples (a, b,c, d) of positive integers such that a < b < c < d and 


atb+ct+d=ab+4cd. 


Answer (a,b,c,d) = (1,1, 2,3), (1,2, 2, 3), (2, 2, 2, 2). 
SOLUTION 
We can add 2 to each side, and rearrange the equation to get 
2=ab+cd-a-b-c-—d+2=(a-1)(b-1)+(c-1)(d-1). 
Now, 0 < a-—1< b-1<c-—1<d-1,andall these quantities are integers. Then 0 < (a — 1)(b — 1) < 
(c — 1)(d — 1) and they are both integers. 
This gives two possibilities: 
e (a-1)(b- 1) =0, (c-1)(d-1) =2. 
e (a-1)(b-1) =(c-1)(d-1) = 1. 


In the first case, as c — 1 < d — 1, we must have c — 1 = 1 and d — 1 = 2, since they multiply to 2. Then, as 
(a-1)(b-1) =0,and0 < a-1 < b- 1, we must have a — 1 = 0. Thena-1=0<b-1<c-1=1, 
sob-1=Oorb-1=1. 


This gives possible solutions for (a, b,c, d) as (1, 1,2, 3) and (1, 2, 2, 3). 


In the second case, (a — 1)(b — 1) = (c — 1)(d — 1) = 1. As all these quantities are non-negative integers, 
the only possibility is a-1=b-1=c-—1=d-1=1,s0 (a,b,c,d) = (2,2, 2,2). 


Each of the three solutions can be checked by substituting them into the original equation: 


(1,1,2,3): ab+cd =1X%142X%3=14+6=7=14+14+24+3=a+bt+c+d 
(1,2,2,3): ab+cd =1X%242X%3=24+6=8=1424+24+3=a+bt+ct+d 
(2,2,2,2): ab+cd =2X%24+2X2=44+4=82=24+24+2+2=a+bictd 


Therefore the three solutions are (a, b, c,d) = (1, 1,2, 3), (1, 2, 2, 3), (2, 2, 2, 2). 


4. (a) How many different values is it possible to make using three different British coins? 


(b) In how many ways can three numbers be chosen from the set {1, 2, 3, 4,5, 6, 7, 8,9, 10} such 


that no two of them are consecutive? 


(c) You should notice that these numbers are the same. Why is this? 
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ANSWER 
(a) 56 
(b) 56 


SOLUTION 


(a) The first thing to notice in this question is that no value can be made in two different ways using three 


(b 


(c 


) 


ww 


different coins. Lets suppose there is some value S, with A > B > C anda > b > c each the values of 
three British coins such that S = A+B+C =a+b +c. We want to show that A = a, B = b and C = c. 
Each British coin is at least double the previous one, so we know that A > B+C anda > b+c. 


Then S > A > S, and S > a > 5, Rearranging these, we get 2A > S > a> s > 4 Since each coin 


is double the previous largest one, this tells us that A = a. 


Applying the same argument tells us that B = b, so C = c also. Therefore every set of three British 
coins produces three different values. 


There are eight British coins, so there are ($) = 56 different sums of three British coins. 


There are two different ways to do this part. One is presented here. For the other see part 
(c). 
There are i = 120 ways to choose three numbers from the set. However, we need to subtract from 


this the number of these that have at least two numbers consecutive. 


There are 9 possible pairs of consecutive numbers, each of which can make a set of three with 8 
possible numbers, giving a total of 9 x 8 = 72 solutions to discount. Each case with at least two 
numbers consecutive is correctly counted, except for those where all three numbers are consecutive, 
which are counted twice: once for the first pair and once for the second pair. 


There are 8 ways of making all three numbers consecutive. 
This means the total number of ways is 120 — 72 + 8 = 56. 
Let’s consider an alternative way of counting the number of ways in part b. 


We can count the number of ways from the numbers 1 to 10 with no three consecutive as the same as 
choosing from the numbers 1 to 11, but not choosing the number 11. 


Since we cannot choose two consecutive numbers, we’ll give ourselves two types of object: 
e Not using n as one of our three numbers. 
e Using n, but then excluding n + 1. 


If we have five of the first type and three of the second in some order, that covers 11 numbers. Each 
one ends in an unselected number, so 11 can never be selected. Any selected number is followed by 
an unselected one, so no consecutive numbers are selected. 


Therefore any selection performed in this way is valid. We also need to show that any valid selection 
can be constructed in this way. If we have three non-consecutive numbers that are not 11 selected, we 
can group each with the following unselected one, and then leave the other five as singletons. 


Therefore we just need to count the number of orderings of these eight objects. This is equivalent to 
picking which three are the pairs, and there are 6) = 56 ways of doing this. 
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5. An acute-angled triangle ABC is inscribed inside a circle. The altitudes of the triangle AD, BE 
and CF meet at H, the orthocentre of the triangle. 


(a) If the line AD is extended to meet the circle at P, prove that HD = DP. 


(b) Prove that H is the incentre of triangle DEF. The incentre is the point where the angle 
bisectors at each vertex intersect. 


Hint: Can you find some hidden circles in the diagram? 


SOLUTION 
(a) The diagram below shows the situation, with the line BP added. 
A 


Showing that HD = DP is showing that the perpendicular BD bisects the side HP, which 
happens exactly when BHP is an isosceles triangle. Therefore we’ll set out to prove that 
BHP = /HPB, 


Let’s write a for ZHPB = APB. Since they are both subtended from the chord AB, we know that 
ZACB = ZAPB=a. 


Then, as the angles in triangle CEB add up to 180°, and ZCEB = 90°, we have that 
ZEBC = 180° — ZCEB — ZBCE = 180° — 90° — a = 90° -a. 
Then, triangle HBD also has its angles adding up to 180°, so 
ZBHP = 180° — ZHDB — ZDBH = 180° — 90° — (90° - a) =a. 


This means BHP = ZHPB,so HPBisanisosceles triangle. In an isosceles triangle, the perpendicular 
to the side between the equal angles through the third vertex bisects it, so HD = DP, as required. 


(b) We can redraw the diagram with P omitted and the segments DE, EF and FD drawn in: 


© UK Mathematics Trust www.ukmt.org.uk 6 


UKMT Mentoring Scheme Solutions Emmy Noether, Sheet 7 


The key to this part of the question is to find three extra hidden circles in the diagram. Since 
ZHDB + ZBFH = 90° + 90° = 180°, opposite angles in HDBF add to 180°, and hence it is a cyclic 
quadrilateral. 


For exactly the same reason, HECD is also a cyclic quadrilateral. 


Since CEB = 90° = ZCFB, by the converse of angles in the same segment, this tells us that CEF B 
is a cyclic quadrilateral. 


A 


Now we can use angles in the same segment repeatedly to show that 4F DH = ZHDE. By angles in 
the same segment, subtended from FH in circle FHDB, 


LHDF = ZHBF. 


As they are the same angle, 
LEBF = ZHBF. 


Using angles in the same segment in circle CE FB, 
LECF = ZEBF., 


As they are the same angle, 
ZECH = ZECF. 
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By angles in the same segment in circle ECDH, 
ZEDH = ZECH. 
Then, putting this all together, we get 
LHDF = HBF = ZEBF = ECF = LECH = ZEDH. 


Therefore, HD is the angle bisector of ZEDF. 


We can apply the same logic for the other angle bisectors of triangle DEF, so H must lie at the 
intersection of the angle bisectors. Therefore H must be the incentre of DEF. 


6. (a) Suppose twelve 2 x 1 dominoes are placed on a 5 x 5 chessboard such that each covers exactly 
two squares. Which squares can possibly be left uncovered? 


(b) Suppose instead that eight 3 x 1 triominoes are used, each covering exactly three squares. 


Which squares can be left uncovered now? 


(c) What if six 4 x 1 tetrominoes are used, with each covering four squares. Which squares can be 


left uncovered in that case? 


(a) Consider colouring using a standard chessboard colouring. 


a 


Each domino must cover two adjacent squares, one of which will be white and one of which will be 
black. Since there are 13 black squares and 12 white squares, the left over square must be black. 


ANSWER 
(a) Any black square in the diagram: 


(b) Only the centre square. 
(c) The four corner squares only. 


SOLUTION 


It then just remains to check that each of these squares are available. Since we can rotate the board, 
there are only four types of square to check: centre, corner, middle edge and diagonally in from the 
corner. 


e Corner: 
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e Middle edge: 


e Centre: 


e Diagonally in from corner: 


i 


Therefore, every black square on the chessboard can be left, but no others. 


(b) Consider colouring the board with the following colouring: 


In each row and column the colours cycle every three squares, so every tile will colour one square of 
each colour. As there are nine grey squares, eight black squares and eight white squares, the remaining 
square must be grey. 


We can rotate the colouring by 90° and apply the same logic, which again tells us the left over square 


must be coloured grey here: 


The only square coloured grey in both colourings is the centre square. This is therefore the only square 
that could be left over. 


The following example shows it is possible: 
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(c) Consider the following colourings of the square: 


In both cases, the colours cycle in each row and column, so that every tetromino covers one square of 
each colour with each colouring. 


In both cases there are eight squares of each colour, apart from there are nine black squares. Therefore, 
in each case, the left over square must be black. Only the corner squares are black, so these are the 
only squares that can be left. 


We can see that these are achievable as rotations of the below diagram: 


ALTERNATIVE 


We could alternatively have tried to cover all the corners. If we cover one of the corners, then that 
tetromino must cover all of one side except for the adjacent corner. 


Then, that corner must be covered by another tetromino, which must be perpendicular. This continues 
at each of the next corners, producing: 


Then, no more tetrominoes fit, so it cannot be done with all four corners covered. 


The same example as before shows a corner can be left exposed. 


7. Let us call a positive integer n “mischievous” if both n and n + 1 are divisible by perfect cubes 
greater than 1. 


Show that at least 1% of positive integers are mischievous. 


You might wonder how you can talk about 1% of an infinite number of numbers. What is meant is 
that once you take sufficiently many numbers, at least 1% are mischievous. Formally, you want 
to show that there is some N such that any set of N consectutive numbers, then 1% of them are 
mischievous. 
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SOLUTION 


How can we find some mischievous numbers? We need both n and n + 1 to be divisible by 
cubes greater than 1, so let’s see is we can get n divisible by 2? = 8 and n + 1 divisible by 
3? = 27. 
This requires 27x = 1 (mod 8). Since 27 = 3 (mod 8), we can reduce this to 3x = 1 (mod 8). 
Multiplying both sides by 3, 

x=9x=3 (mod 8). 
So we can write x = 8y +3 for some integer y, and we getn + 1 = 27x = 216y + 81. Therefore, 
any n of the form 216y + 80 will be mischievous. 
We can repeat the same thing for n + 1 being divisible by 8 and n divisible by 27. We get 
27x = -1 (mod 8). Multiplying by 3 and simplifying gives x = 5 (mod 8). We can then 
write n = 216y + 135. 


This gives us two values modulo 216 that are always mischievous. 


Consider n = 80 (mod 216), so n = 216r + 80 = 8(27r + 10) is a multiple of 2° and n+ 1 = 216r +81 = 
27(8r + 3) is a multiple of 3°. Therefore any such n is mischievous. 


If n = 135 (mod 216), then n = 216s + 135 = 27(8s + 5) is a multiple of 3? and n + 1 = 216s + 136 = 
8(27s + 17) is a multiple of 2°. 


Therefore, in any set of 216 consecutive numbers, at least two are mischievous: those congruent to 80 and 
135 modulo 216. 


We have two numbers in every 216 are mischievous. However, < = = 1%, so we’re not 


quite there. 
The next cube to consider is 5° = 125, since any multiple of 4° is also a multiple of 23. 


If n is divisible by 8, and n + 1 by 125, then we have n = 125a — 1 = 0 (mod 8), for some 
integer a. Reducing this, we get 5a = 1 (mod 8). Multiplying by 5, a = 5 (mod 8), so 
a = 8z + 5, and n = 125(8z +5) — 1 = 1000z + 624. 


If n is divisible by 125, and n + 1 by 8, then we have n + 1 = 125b + 1 = 0 (mod 8), for some 
integer b. Reducing this, we get 5b = —1 (mod 8). Multiplying by 5, b = 3 (mod 8), so 
b = 8z + 3, and n = 125(8z + 3) = 1000z + 375. 


This gives us two values modulo 1000 that are always mischievous. 


Consider n = 624 (mod 1000), so n = 1000t + 624 for some integer t. Then, n = 8(125t + 78), which 
has a factor of 23. Also, n + 1 = 1000¢ + 625 = 125(81 + 5) has a factor of 5°. Therefore any such n is 
mischievous. 


If n = 375 (mod 1000), then n = 1000u + 375 for some integer u. Then n = 1000u + 375 = 125(8u + 3) 
with a factor of 5° and n + 1 = 1000u + 376 = 8(125u + 47) with a factor of 23. Therefore such an n is 
mischievous. 


Therefore any n congruent to 624 or 375 modulo 1000 is mischievous. 
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This looks like we’ve done enough. It looks like we have = + 


250 54 304 270 
mischievous, which is 37995 + 7000 = 77000 > 77000 = 1% 


= of the numbers as 


However, we need to consider the possibilty that some numbers could be counted in both these 
sets. 


Lets consider a run of 27000 consecutive integers. This can be broken down as 125 blocks of 216 integers, 
so there are 125 numbers where n is divisible by 8 and n + 1 divisible by 27. There are also 125 different 
numbers where n + 1 is divisible by 8 and n is divisible by 27. 


Breaking the 27000 down as 27 blocks of 1000 integers, there are 27 values of n for which 8 divides n and 
125 divides n + 1, and 27 where 125 divides n and 8 divides n + 1. 


We now need to count how many of these numbers could be of more than one type. Since n and n + 1 
cannot both be divisible by 8, the only numbers of this type are: 


e n divisible by 8, n + 1 divisble by both 27 and 125. As 27 and 125 are coprime, this means n + 1 is 
divisible by 27 x 125 = 3375. If n + 1 = 3325y, then n + 1 = 5v (mod 8). As n is divisible by 8, 
5v = 1 (mod 8), so v = 5 (mod 8), bu multiplying by 5. 


Hence, v = 8w + 5, son = 3375(8w +5) — 1 = 27000w + 16876, and there is only one of these in 
each set of 27000. 


e Ifn + 1 is divisible by 8, and n is divisible by both 27 and 125, then n is divisible by 3375. Say 
n = 3375k. Then, 3375k + 1 = 0 (mod 8), which reduces to 5k = —1 (mod 8). Multipliying by 5 
gives k = 3 (mod 8), so k = 8/ +3, for some integer /. 


Then, n = 3375k = 3375(81 +3) = 27000/ + 10125, so there is only one of these in every set of 
27000. 


Therefore, only two numbers are counted twice, so in every set of 27000 consecutive numbers, there are at 
least 250 + 54 — 2 = 302 mischievous numbers. Since uta > ait = 1%, this means that more than 1% 
of numbers are mischievous. 


8. (a) Historically, it used to be possible to buy chicken McNuggets in boxes of 9 or 20. What was 
the largest number of chicken McNuggets that it was impossible to buy. 


(b) If instead they were in boxes of size r and size s, with r and s coprime, show that the largest 
number that it is impossible to buy is rs — r — s. This is actually called the Chicken McNugget 
Theorem! 


You might want to consider which numbers are possible for each value modulo s, if s >r. 


(c) (Extension) Show that there are exactly S(r — 1)(s — 1) positive integers that it is impossible to 
purchase. 


ANSWER 


(a) 151 
SOLUTION 


(a) It is worth noticing that the number of Chicken McNuggets being purchased modulo 9 can only be 
changed by buying boxes of 20. 


Then, we can buy any number congruent to 0 (mod 9), just by buying packs of nine. 


The smallest number not divisible by 9 that can be made is 20. As 20 = 2 (mod 9), we can make all 
larger numbers congruent to 2 (mod 9) by buying one pack of 20 and then as many packs of 9 as we 
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want. However we cannot do any smaller number congruent to 2 (mod 9). 


Two packs of 20 allows gives 40 = 4 (mod 9), so we can do all larger numbers congruent to 4 
(mod 9), but no smaller ones, as they require at least two packs of 20. 


Now, suppose any of the first 9 multiples of 20 (starting from 0) had the same remainder modulo 9. 
Then 20a = 20b (mod 9), which reduces to 2(a — b) = 0 (mod 9). Multiplying by 5, a — b = 0 
(mod 9), which says a and b differ by a multiple of 9, so must be the same. This means all the 
remainders are different, so all nine remainders are observed. 


Continuing this, the last value modulo 9 to get a multiple of 20 in it will be -20 = 7 (mod 9), which 
will finally get a purchasable value with 8 x 20 = 160. Therefore the largest value we cannot obtain 
must be the previous one congruent to 7 (mod 9). This is 160 — 9 = 151. 


(b) Consider the first r multiples of s. If as = bs (mod r), then (a — b)s = 0 (mod r). Therefore r 
divides (a — b)s. As r and s are coprime, this means r divides a — b. As they’re both between 0 
andr — 1, a = b. This means the first r multiples of s all have different remainders modulo r, and 
therefore cover all the remainders. 


For each remainder modulo r, the smallest value that is obtainable is a multiple of s between Os = 0 
and (r — 1)s. We know it’s a multiple of s, as it must be of the form ar + bs with a and b non-negative, 
but bs is a smaller number, congruent to the same remainder modulo r. We know it’s between 0 and 
(r — 1)s as these multiples cover all the remainders. 


The last remainder will be covered by (r — 1)s. For each remainder, the largest unreachable value will 
be ks —r for some k. The largest value we cannot make will therefore be (r — 1)s -r=rs—r-—s,as 
this is the largest value of k. 


(c) There are s values less than rs in each of the remainders modulo r. Consider pairing the numbers 
between 0 and rs by pairing x and rs — x. 


e Ifx =0 (mod r), then both x and rs — x can be made, as relevant multiples of r. 


e Ifx = ks for some 0 < k < r—1, then both x and rs — x can be made, as they are both multiples 
of s 


e Suppose x = ks (mod r), where O < k < r — 1. If x > ks and k + 0, and so can be made, then 
rs —x =rs—ks =(r-—k)s (mod r). Also, rs — x < (r —k)s, so cannot be made. Therefore 
one of each pair can be made, so half of the remaining numbers. 


There are r numbers divisible by s and s numbers divisible by r to subtract. This double counts 0, so 
we have excluded r + s — 1 numbers, and paired the rest. 


Therefore there are s(rs -(r+s-1))= (r — 1)(s — 1) numbers that cannot be made in total. 
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1. Suppose that 


x? — 3ax + b = 0 has solutions x = c and x = d, and 


x? + cx +d = 0 has solutions x = a and x = b. 


All of a, b, c and d are non-zero. What are the possible values of a, b, c and d? 


Answer (a,b,c,d) = (-1,2,-1, -2), (1+ V2, -2V2, V2 - 1, -4 - 2V2), (1 — V2, 2v2, -v2-1,-4+ 
2V2) 


SOLUTION 


Since the equation x? — 3ax + b = 0 has solutions x = c and x = d, the factors of the quadratic must be 
x — c and x — d, so 
x? —3ax +b = (x - c) (x — d) = x? — (c +d)x+ cd 


Here, = means ‘identically equal to’, meaning that the equation holds for any value of x. This means we 
know that 


3a=c+d, (1) 
b=cd. (2) 


We can similarly write x? + cx + d = (x — a)(x — b) = x? — (a + b)x + ab, which gives 


c=-a—b, (3) 
d=ab. (4) 


Substituting equation [4] into equation [2| we get b = abc. Since none of a, b, c and d are zero, we can 
divide by b to get ac = 1, so 


1 
C=, (5) 
a 
Then, we can substitute this into equation |3] to get 
1 
b = -a - —. (6) 
a 
Applying this to equation|4} we get 
d = —a? = 1. (7) 


Now, substituting equations |5|and[7|into equation[I| we get 


1 
3a = = -a° - 1. 
a 


Rearranging and multiplying by a, we get 


@ +3a+a-1=0. 


To solve the cubic, we can find a particular value that will solve it, so that we can find one factor. 
After a little bit of looking, yow’ll notice that (-1)? + 3(-1)? + (-1) -1 =-1+3-1-1=0. 
Therefore —1 is a root, and a + 1 is a factor. 
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We can factorise this as 


a> +3a*+a-—1=(a+1)(a*+2a-1) =0. 


Then, applying the quadratic formula, we get the possible values for a are 


a=—lorl+vV2or1 — V2. 


If a = —1, then equations |6}|5|and/[7|tell us that b = 2, c = —1 and d = —2. 


Then, we need to check that these satisfy the original equations. x? + 3x +2 = (x + 1)(x +2), so has 
roots c and d. x?—x—2 = (x+1)(x—2), so has roots a and b. Therefore (a, b,c, d) = (—1, 2, -1, -2) 
is a solution. 

If a = 1+ V2, then (V2 —1)a = 1, so equation|5|tells us that c = ¥2-1. Equation|3|then gives that 
b = -2V2 and equation 4}tells us that d = —4 — 2V2. 


To check this is a solution, we need to check that x? — 3ax + b = x? — (3 + 3V2)x — 2V2 = 0 has 
roots c and d. But this factorises as 


x? — (3 +3V2)x — 2V2 = (x + 1 — V2) (x +4 + 2V2) = (x -c)(x - d). 
Similarly, x? + cx + d = x? + (V2 — 1)x — 4 — 2V2 = (x — 1 - V2) (x + 2V2) = (x - a)(x - b). 
Therefore (a,b,c,d) = (1+ v2, -2V2, V2 -1,-4- 2V2) is a valid solution. 


If a = 1 — V2, then (1+ V2)a = 1, so equation|5|tells us that c = 1 + V2. Applying equations|6|and 
[7| we get b = 2V2 and d = 2V2 - 4. 


Then, x? — (3 — 3-V2)x + 2V2 = (x + 1 + V2)(x +4 — 2V2) = (x —c)(x — d), so c and d are roots. 
Also, x2 + cx + d = x? — (V2 + 1)x —442V2 = (x — 1 + V2)(x - 2V2) = (x - a) (x - b), witha 
and b as roots. Therefore (a, b, c,d) = (1 — V2, 2V2, -V2 -= 1, —4 + 2V2) is a valid solution. 


Therefore the solutions for (a,b,c,d) are (—1,2,—1,—2), (1 + V2, —2vV/2, V2 —1,-4- 2V2) and 


(hs 


2. 


V2, 2V2, -V2 - 1,-4 + 2V2) 


A square field has vertices at (0,0), (9a, 0), (0, 9a) and (9a, 9a). A point P is selected in the field, 
and three walls are drawn to the edge of the field, dividing it into two triangles and a quadrilateral. 


All three regions have the same area. 


How many possible locations of P are there? 


ANSWER 12 locations 


SOLUTION 


Let’s consider some point P and the three walls built to the boundary of the field. 


© UK 


(0, 9a) (9a, 9a) 


(0, 0) (9a, 0) 
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This gives a total of 13 boundary segments: seven parts of the field boundary and both sides of each of the 
three walls. However, we want to have one quadrilateral and two triangles, with a total of 4+3+3 = 10 
sides. 


There are only two ways to reduce the total number of sides that we have: 
e End a wall from P in a corner of the square. 
e Two of the walls at P form a straight line. 


Each of these reduces the number of sides by 1. We need to reduce it by three, so either all the walls are to 
corners, or two walls are to corners two of the walls form a straight line. 


e If three walls are into corners, then we must have a configuration like this: 


(0, 9a) (9a, 9a) 


(0, 0) (9a, 0) 


Then, let P have coordinates (p,q). The lower triangle has base 9a and height q, and therefore area 
4 (9a)q. This must be equal to i of the overall area, so 27a?, which means q = 6a. 


Applying the same logic to the left-hand triangle, we must have p = 6a as well, so P = (6a, 6a). 


We could have omitted any of the four corners, so there are four such locations. 


If we have two opposing corners, then one option is that P lies on the diagonal between them, and 
one of the regions is half the square. 


(0, 9a) (9a, 9a) 


(0, 0) (9a, 0) 


The other option is that P lies on one side, but then the region is even larger: 
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(0, 9a) (9a, 9a) 


(0, 0) (9a, 0) 


e If there are two walls into adjacent corners, then we have 


(0, 9a) A (9a, 9a) 


(0, 0) (9a, 0) 


Let P have the coordinates (p,q), and R have the coordinates (r, 9a). Note that R cannot be on the 
right hand side, as then the upper left area would be larger than half the square. 


Then, the area of the upper left triangle is one third of the total area, so is 27a”. Therefore 
+x 9a xr = 27a’, sor = 6a. 


Since the area of the bottom triangle is 27a” as well, and it has base 9a and height y, so 
+x y x 9a = 27a’, and y = 6a. 


Then, the line through P and R has coordinate y = 3x, as it passes through (0,0) and (6a, 9a). 
Therefore p = zq = 4a, and the coordinates of P are (4a, 6a). 


There are eight possible locations of P in this format, as we can select any of the sides to have both 
corners connected to P, and then continue either of these walls. 


This gives a total of 12 possible locations for P. We then need to check that none of them are the same. 
The easiest way to do this is to list the coordinates, which are: 


Three corners: (6a, 6a), (6a, 3a), (3a, 3a), (3a, 6a) 
Two corners: (4a, 6a), (5a, 6a), (6a, 4a), (6a, 5a), (4a, 3a), (5a, 3a), (3a, 4a), (3a, 5a). 


3. Let S be the set of numbers formed by ordering five different digits in each possible order. Show 


that there must be two elements s and t of S such that either s + t or s — t is divisible by 233. 


SOLUTION 
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The key to this question is to think about the possible remainders modulo 233, since these 
determine exactly when the numbers might be divisible by 233. 


We want to find two numbers whose sum or difference is a multiple of 233. This means we want numbers 
x and y such that either x + y = 0 (mod 233) or x — y = 0 (mod 233). 


This means that if x, y € {—a,a} (mod 233), then either x — y = 0 (mod 233) or x + y = 0 (mod 233). 
This gives us 117 different sets of remainders modulo 233: 


{0}, {-1, 1}, {-2, 2}, .. ., {-116, 116}. 


Since we have five different numbers, there are 5! = 120 different orders that we can place the digits in. 
Since there are only 117 sets, by the pigeonhole principle, there must be two numbers in the same set. 
But this exactly tells us that there are two numbers in S whose sum or difference is divisible by 233, as 
required. 


4. Let F = {1,2,3,5,8,...} denote the set of Fibonacci numbers. Then, let F + F denote the set of 
all numbers that are the sum of two Fibonacci numbers. 


Show that there are infinitely many arithmetic progressions of length 6 in F + F. 


An arithmetic progression is a sequence where each number differs from the previous one by the 
same non-zero amount. 


SOLUTION 


If you start to work out what the elements of F + F are, yov’ ll find that most small numbers 
are in F + F. Indeed, the smallest number (greater than 1) not in F + F is 12. However, this 
doesn’t help us as we get larger. 


If instead we look for arithmetic progressions in F, we might hope that we could combine two 
together in some way. There aren’t many progressions in F, but you can find fa, fn+2, fn+3, 
with common difference fn+1, since 


Tn + fl = Sn+2 
Snv2 + Jari = tnd: 


We can then try and make a longer progression in F + F out of this. We can use the ability to 
add fn+1 multiple times if we start at fn + fn = 2 fa. This gives us the sequence 


2 fn, Sa + Sn+2 Tn + tas Fnv2 + Fred 2 fns: 


This looks like an arithmetic progression of length 5. So we might hope that one of the terms 
that would come before or after it is in F + F. 


We can write 


2 fn - fari = 2fn — (Ja + fa-1) 
= fa — fn-1 
= fn-2 
= fn-3 + fn-4- 
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| This then gives us our arithmetic progression of length 6. | 


Letn > 5. Consider the following sequence of elements from F + F: 


Ja-4 + fn-3, Ja + fns Ja + Inds Ja + fn+3» tea + Snes Tit + Tas 


We then need to check these are an arithmetic progression, with common difference fn+1: 


(fn—4 + fn—3) + frst = fn-2 + (fn-1 + fn) = (fn-2 + fn-1) + fn = fa + fa 
(fn + fn) + fnri = Sn + Sn + fari) = Sn + fn 
(fn + fn42) + fasi = fn + (Sasi + fnt2) = fn + fns3 
(fn + fns3) + fari = fn + fasi) + fne3 = fnv2 + fn43 
(fn+2 + fne3) + fnri = (Sari + fns2) + fra3 = fn + fnt3- 


Therefore, for any n > 5, these form an arithmetic progression of length 6 in F + F, and therefore there 
are infinitely many of them. 


5. In triangle ABC, the angle ZBAC is trisected by AD and AE, where D and E lie on BC. Suppose 
that BD = 2, DE = 3 and EC = 6. 


What is the length of AC? 


ANSWER 6V6 


SOLUTION 


Let’s write b, d, e and c for the lengths AB, AD, AE and AC respectively. 


For this question, we’re going to make lots of use of the sine rule and cosine rule in the various 
triangles that we have in the diagram. 


For the sine rule to be helpful, we need two angles that we can associate between the triangles. 
We can use the equal angles at A for one set. We also know that sin(180° — x) = sinx, so we 
can use the angles on the line BC as the others. 


Applying the sine rule in triangle ABD, we get that 


AB DB 
sinZADB sin /ZBAD` 
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Applying it in triangle ADE, we get that 
AE  _ ODE 
sinZADE sin ZDAE’ 


Then, as ZBAD = ZDAE and ZADB = 180° — AEB, we can equate these to give 


AB AE 
DB DE 


Substituting for these variables, we get b = 5» soe = 3b 


What we’ve shown here is that the angle bisector of the angle at A divides the base in the same 
ratio as the ratio of the corresponding sides. This is called the angle bisector theorem. 


We can apply the same theorem in triangles ADE and AEC to get that g = 6, Sod=5. 


This gives us the diagram: 


C 6 E 3 D 2 B 


We can then apply the cosine rule in triangles ABD, ADE and AEC. Since the angles are all equal, we 


can write ZBAD = ZDAE = ZEAC = 90 This gives: 


cosg- AB + AD? - BD? _ b+ (5) -2 
© 2AB-AD —— 2S) 
c)2 . 
_ AD?+ABE?-pE?_ (3) +(#) -¥ 
2AD-AE c 
2(5) (3 
2 


2 
AE? + AC? - EC? (32) +o 6 
2AE-AC 2(%)c 


Then, the following quantities are all equal to 12bc cos 6: 


12b? + 3c? — 48 = 2c? + 18b? — 72 = 9b? + 4c? — 144. 


From the first equality, we get c? = 6b? — 24. Equating the first and third terms, c? = 3b? + 96. Therefore 


6b? — 24 = 3b? + 96, and b? = 40. 
Substituting back, we get c? = 216, so AC = c = 6V6. 
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6. If x, y and z are non-negative numbers, prove that at least one of x — xy, y — yz and z — zx is at 


1 
most F: 


SOLUTION 


One thing you might want to try in this question is to say that one of these three numbers must be 
less than their average. This is a good idea, but you need to know about the arithmetic-geometric 
mean inequality to make it work. If you do this, the proof is very similar to this proof. 


Notice that the numbers can be factorised as x(1 — y), y(1 — z) and z(1 — x). If any of x or y or z are 
greater than one, then the corresponding term would be negative and therefore less than i 


Otherwise, we have 0 < x,y,z < 1, and therefore each of the three terms are at least 0. Let’s write m for 
the minimum of the three terms. Then 0 < m < x — xy, y — yz, z — zx, and so 


m? < (x —xy)(y — yz)(z— zx). 


Then, we can factorise each of the terms, to get 
m? < x(1—y)y(1 - z)z(1— x) = (x(1 - x) OC - y) (21 - 2) 
We can then complete the square on each of these terms, as 
5 2 
x(l-x)=x-x =}- (x-4) : 
Since squares are non-negative, and x and 1 — x are non-negative also. This means 0 < x(1 — x) < i 
The same argument shows that O < y(1 — y) < i and 0 < z(1-z) < i 


3 
Multiplying these together, we get m? < (4) , som < i This precisely tells us that at least one of the 


given expressions must be at most L, 


7. An unreliable postman has seven letters to deliver, one to each of seven houses. In how many ways 


can they do this such that no house receives the correct letter? 


ANSWER 1854 


SOLUTION 
There are 7! = 5040 ways of delivering the seven letters to the seven houses, if they could be in any order. 


Let’s write A for the set of arrangements where the first house gets the correct letter. We can write B for 
those where the second house gets the correct letter and so on up to G for those where the seventh house 
gets the correct letter. 


Since we’re looking for the number of ways where no house gets the correct letter, this is 


ANBOCADNENRFNG\. 
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Counting the sets where a house gets the wrong letter is quite hard. However, counting 
those where some set get their own letter is much easier - you can just count the number of 
arrangements of the other letters. 


We can alternatively count the number of ways in which at least one house gets the correct letter. These 
must add to the total number of arrangements, so 


ANBACNDNENFNG|=5040-|AUBUCUDUEUFUG|. 


This means we want to evaluate |AUBUCUDUEUFUG|. 


To count this, we might start by considering the number in each of the sets A, B, ... G and add these up. 
This is 

|A] + |B] + [C| + |D| + |E| + |F| + |G]. 
However, we have multiply counted each element that is in more than one set. Any element in two sets is 
counted twice, so we need to subtract all the terms of the form |X N Y|. 


Then we need to consider those elements that are in three sets. These have been added three times, one for 
each of the sets, and then subtracted once for each of the three intersections. Therefore we need to add on 
all the terms of the form |X NY N Z| 


Then, we need to count those elements which are in four sets. These have been added four times, subtracted 
(5) = 6 times for the pairs, and then added ($) times for the triples. This means all the intersections of four 
of these sets need to be subtracted. 


For elements in five of the sets, these have been counted () — () + (3) — () =5-10+10-—5 = 0 times, 


so intersections of the form |V N W N X NY N Z| need to be added. 


For those in six sets, these have been counted (6) = (5) + (3) = (6) + (°) =6-154+20-15+6 =2 times, 
so needs to be subtracted. 


()+(@)-@ =7-21435-354+21-7 =0 


For those in all 7 sets, these have been counted (1) — (3) + (3) - ; 


times, so these need to be added. 


For each k, there are (/) different intersections of k sets. If k of the letters must be delivered right, then 
there are 7 — k letters that could be delivered in any order so the size of any intersection of k sets is 
(7 -k)!. 


Putting this together, we get that 


7 7 
JAUBUCUDUEUFUGI=(1] x6!~[)) «st fa- ape G- h (7) xo 


= 5040 — 2520 + 840 — 210 +42 -7 + 1 
= 3186. 


Therefore, the number of ways in which no house gets the correct letter is 5040 — 3186 = 1854. 


This method of calculating the size of the union of some sets is called the inclusion-exclusion 
principle. You might like to find out some more about it. 
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8. In this question, we’re going to prove Lagrange’s four square theorem, which states that any positive 
integer can be written as the sum of four squares. 


(a) Show that, if x and y are integers that can be written as the sum of four squares, xy can be 
written as the sum of four squares. 


(b) Suppose that p is a prime number greater than 2. Show that there must exist a and b with 


0<a,b < po such that a? + b? + 1 = np for some integer n. 


Explain why 1 <n < p. 


Suppose that m is the smallest positive integer such that mp can be written as the sum of four 
squares. Then, for a1, a2, a3 and a4 integers, we can write 


mp =a} +a +a +a; 


Can you find integers b1, b2, b3 and b4 such that a; = b; (mod m) and bi + bs + b? + b =mr 
with 0 <r <m? 
How can you write m?pr as the sum of four squares? What about pr? 


(d) Hence prove Lagrange’s four square theorem. 


SOLUTION 
(a) If we can write x and y as the sum of four squares, then we can write 
x=@ +b +d 
yze + fP +g th’. 
Therefore, 
xy = (a? +b? +0? +a") (ce? + fg) 
=e +a ftag Hah A CA PA eA ee eee reer err 


+P? +P Prd +d hr. 


We want to write this as the sum of four squares. To get the square terms, we need to have 
a term with each of a, b, c and d multiplied by each of e, f, g and h to make the relevant 
square. 


Notice that we could in the above swap each of e, f, g and h for their negative with the 
same result. This means we can write the first square as (ae +bf +cg + dh)’. 


This gives us a term of 2abe f, and another of 2cdgh. To remove these, we need to have a 
square like (af — be + ch — dg)? also. 


We also get terms of 2aceg and 2bdfh, meaning we want (ag — bh — ce + df)”, and 
2adeh and 2bc fg, meaning we want (ah + bg — cf — de)”. There are a couple of choices 
of sign still to make in these, which come from comparing the other terms. 


If you expand these out, you get 


xy =(ae+bf +cg+dh)’ + (af —be+ch-— dg}? + (ag —bh-ce+dfy 
+(ah+bg -cf —de)’. 
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(b) 


(c) 


(d) 


Then, this means we can write the product of two numbers that are the sum of four squares as a sum 
of four squares itself. 


Consider the pairs (0, p — 1), (1, p — ea (22, be), (44. 2+). There are ZH of these pairs. 
There are 7 pel values between 0 and Z=: let’s consider their squares. By the ae iol principle, 


either there must be one square in adl pair, or some pair with two squares. 


e If all values are taken, then there is a value a with O < a < po with a? = po (mod p). Then, 


a’ +a? +1=0 (mod p). 


Otherwise, there are two of these numbers such that their squares modulo p are in the same pair, 
let’s call these a and b. 

We know that 0 < a,b < = and the values are distinct. This tells us both that a # b (mod p) 
andQ<a< pot < p < p-b < p. Since they are not both 0, this tells us that a # b, p — b 
(mod p). 


However, if a? = b? (mod p), then (a — b)(a + b) = O (mod p), which cannot happen. 
Therefore a? # b? (mod p). 


Since a? and b? are in the same pair, we must have b? = p — 1 — a? (mod p). This exactly tells 
us that a? + b? +1 =0 (mod p), so a? + b? +1 = np for some integer n. 


p?—2p+3 
2 


2 
Now, as 0 < a,b < — we have that 1 < a? +b? +1 < 2(27 -) +1= < p°. Therefore 


O<n<p,ie. 1<n< p. 
Let’s set b; to be such that b; = a; (mod m) and -5 < bj < F 
Then, b? +b} +b} +b; =a? i +43 +a3 +a = pm =0 (mod m), so b? + b3 + b2 +b? = mr for some 


r. ie e a O 0242 1p eae and 


thusO<r<m. 


Then m2 pr = (mr)(pr) is the product of two numbers we can write as the sum of four squares. Using 
the result from part (a), we can write this as the sum of four squares: 


m? pr =(aıbı + a2b2 + a3b3 + aab,)* + (a,b = a2bı + a3b4 = a4b3)* 


+ (a,b3 — a2b4 _ a3bı + aab2)" + (a,b4 + a2b3 = a3b2 — a4b1)?. 
Considering each of these terms modulo m, we get: 


aıbı +az2b2 +a3b3 +a4b4 = b? + b3 + b3 +bł=mr=0 (mod m) 

aib — a2b1ı + a3b4 — a4b3 = bıb2 — bob, + b3b4 — b4b3 =0 (mod m) 
a,b3 — a2b4 — a3bı + a4b2 = bıb3 — b2b4 — b3bı + b4b2 =0 (mod m) 
aib4 + a2b3 — a3b2 — a4bı = bıb4 + b2b3 — bz3b2 — bab, =0 (mod m). 


This means we can write pr as the sum of four integer squares, as 


m m 


|“ + anbo + a3b3 tasa) i (a = a2bı F a3b4 z ati) 


ie (a = arb, = a3bı + wba) ¢ (= + a2b3 = a3b2 = a4bı ) 


m m 


Suppose p is a prime. If p = 2, then p = 17 + 17 + 0? + 0? is the sum of four squares. 
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If p > 2, then there is some m such that mp is the least multiple of p that can be written as the sum of 
four squares. From part (b), we know that m exists, and m < p. 


Then, we can find r as in part (c), with pr the sum of four squares, and O < r < m. 


If r = 0, then bj = b2 = b3 = b4 = 0, and each of the a; are divisible by m. This would mean we 


iyi i oi : a ee ae ee 2 : p 
could divide our original equation pm = aj + a5 + a3 + a4 by m^, and get an equation for 4 as the 


sum of four squares. This would mean m is a factor of p, som = 1. 
If r = m, then bı = b2 = b3 = b4 = 5. This means a? = me (mod m°). Then, 


2 
m 
mp=d+ai+ai+a)=4("] =m =0 (mod m°). 


Then m? is a factor of mp, so m is a factor of p. As p isa prime, and 1 < m < p, we must have m = 1. 


Otherwise, we can write rp as the sum of four squares, with 1 < r < m. However, we made sure mp 
was the least multiple of p that can be written as the sum of four squares, so this cannot happen. 


This means we’ve proved that m = 1, so p can be written as the sum of four squares. 


For any positive integer, it is either 1 = 17 + 0? + 0? + 0°, or it is a product of primes. Each prime can 
be written as the sum of four squares, and then we can use the identity from part (a) to write their 
product also as the sum of four squares. 


Therefore every positive integer can be written as the sum of four squares. 
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